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min
HN
(QX
N
)2 ≤ (QX
N
(z1, . . . , zN ))
2 =
∫
supp(P
X
)
min
1≤i≤N
|ξ − zi|2H PX (dξ) → 0
xz_
N →∞
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X ∈ L2+η
Rd
(Ω, P)
ﬁ
ﬂ
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η > 0 
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min
(Rd)N
(QX
N
)2 = min
x∈(Rd)N
‖X−X̂x‖2
2
∼ J2,d
N2/d
(∫
Rd
f
d
d+2 (ξ)dξ
)1+2/d
+o
(
1
N
2
d
)
'
N → +∞.
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PmUTc
f 6≡ 0 »C`bPRj_^3jUﬃ|R_7xh_aP9xziay·ixr`Up{i`PRUk3eRxz|Rixr`j}kfe9xzc`bjIxr`jpzcUﬃibibpzi7_ajcR}ﬃUW`bPRUjlc`UTzixz
jlc `PRUiaj{P`YP9xzcR| _bjl|RU(jl_¥xzl®xI^3_ 9cRjl`bUeRcR|RUﬃi&`PRUx_b_bemShym`bjp{c°p¢`bPRU(`PmUTp{iaUTS. 
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f ≡ 0 »
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[0, 1]d
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`bP9x`
J2,d = d/(2pie) + o(d)
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Uﬃj{Uﬃc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H =L2
T
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(Xt)t∈[0,T ]
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∫ T
0
Var(Xt)dt < +∞ 
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(e`)`≥1
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b > 1
' J 0
c2` = O(`
−b)
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min
HN
QX
N
= O
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(log N)−
b−1
2
)
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(λ`)`≥1
#%
.%  % '% %(% 
  %"%& %(' 
   % (
&ﬂ (% 
(ﬃ%ﬂ .
ﬂ
Γ
X

 
X
ﬂﬂ "% #
!AA'(%#!">
ﬂ #%ﬂﬀ#$ %
(e
X
` )`≥1
8%  % (
ﬂ ﬂ %('.ﬃ
#!">
ﬂ 

ﬂ ,- %"%8(' 'I
 
H 

 %ﬂ %  '2'
, %/ﬂ % 
b > 1
' > 0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λ` ≥ ε0 `−b ﬁ
ﬂ/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min
HN
QX
N
≥ ε′0 (log N)−
b−1
2
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ﬂ: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N

ε′0 > 0

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(c) 
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ﬂ %
λ` = cλ `
−b + o(`−b)
 %
min
HN
QX
N
=
c
1
2
λ b
b
2
2
b−1
2 (b− 1) 12
(log N)−
b−1
2 + o
(
(log N)−
b−1
2
)
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`bP9x`
µ = b−1
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X
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(e`)`≥1
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OPmUk3eRxzc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QX
N
j_&cRp`¥_bjlShyRµ^©	jlyR_b}~Pmjl`}ﬃp{c`jlc3emp{eR_¥Rem`¥xz_apﬁ|Rj;UTiaUTc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x`
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i.e.
`PRU¥_akfe9xzibUWpz
QX
N
DX
N
(x) := E min
1≤i≤N
|X − xi|2H , x∈ HN .
 ¿fÃ
 ¿  4
(a)
?%
x := (x1, . . . , xN )∈ HN
8% 
N
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	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∀ i 6= j, xi 6= xj # P(X∈ ∪i∂Ci(x)) = 0 3JM   5
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x
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∂DX
N
∂xi
:= 2 E(


Ci(x)(X)(xi −X)) = 2
∫
Ci(x)
(xi − ξ)PX(dξ), 1 ≤ i ≤ N,
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∇DX
N
(x∗) = 0.
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(b)
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H = R
#
supp(P
X
) = closure((m, M))
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x = (x1, . . . , xN )
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x1 < . . . < xN
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C1(x) = (−∞, x3/2], Ci(x) := (xi−1/2, xi+1/2], i = 2, . . . , N − 1, CN (x) = (xN−1/2 , +∞)
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xi−1/2 :=
xi + xi−1
2
, i = 2, . . . , N  
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D2(DX
N
)(x) =
[
∂2DX
N
∂xi∂xj
(x)
]
1≤i,j≤N
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∂2DX
N
∂x2i
(x) = 2
∫ x
i+12
x
i− 12
f(u)du− xi+1 − xi
2
f(xi+ 1
2
)


{i≤N−1} − xi − xi−1
2
f(xi− 1
2
)


{i≥2}, 1 ≤ i ≤ N,
∂2DX
N
∂xi∂xi−1
(x) =−xi − xi−1
2
f(xi− 1
2
), 2 ≤ i ≤ N, ∂
2DX
N
∂xi∂xi+1
(x) = −xi+1 − xi
2
f(xi+ 1
2
), 1 ≤ i ≤ N−1,
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∂xi∂xj
(x) = 0
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 
X 
vÌ
P(X∈ Ci(x)) > 0 p{iUﬃzUTia^ i = 1, . . . , N »m`PRUUﬃk3eRx`jlp{c ∇DXN (x) = 0
x_bp(®*iajl`bUT_
xi =
E(


Ci(x)(X)X)
P(X∈ Ci(x)) = E(X | {X∈ Ci(x)}), i = 1, . . . , N.
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σ
¦ 9UTl|R_*{UTcmUTixr`UT|.^
X̂x
xzcR| {{X∈ Ci(x)}, i = 1, . . . , N} }ﬃp{jcm}Tj|mU
E(X|X̂x) = X̂x. 3Jm  C95
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E(X) = E(X̂x)
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log
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E(|X − X̂x|2
H
| X̂x) = X̂x) + |X̂x|2
H
E(|X|2
H
| X̂x)− |X̂x|2
H
3Jm Ô95
_ap`bP9x` ‖X − X̂x‖2
2
= E(|X|2
H
)− E(|X̂x|2
H
) = E(|X|2
H
)−
∑
1≤i≤N
|xi|2P(X∈ Ci(x)). 30m 1Ł95
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E|X − X̂x|2
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= σ2|X|
H
− σ2| bXx|
H
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H
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t 7→ Xt ibpzS
[0, T ]
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X
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H1 := {h ∈ L2
T
/ h(t) =∫ t
0
h˙(s)ds, h˙∈ L2
T
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pG`bPRU¥TUﬃibp{_p$`bPRU¥{ix|RjUﬃcf` ∇DX
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xz_(p{cRU'¦§|RjlShUﬃcR_bjlp{c9xz
log
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3
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5xzl{p{iajl`PmS
xN,(t+1) = xN,(t) − [D2(DX
N
)(xN,(t))]−1∇DX
N
(xN,(t)), xN,(0)∈ RN ,
®*PmUTibU*`PmUYtdUT_b_aj¤xzc
D2(DX
N
)(x)
j_ozjl{Uﬃc5^ 3JM  
95' ﬂv§chy9xzia`bj}ﬃeR¤xziﬃ»z®*PRUﬃc5|RUTxzjlcR¥®*jl`P`PmU N (0; 1)
|mj_a`bibjlRem`jlp{cp{c
R
3 ®*PRp{_bUWy¼ â|¼  × ¢jl__a`bibj}`µ^
log
¦§}ﬃp{cR}TxzU5`PmU
NR
¦§ymibp3}TUT|meRibUWjcmjl`jxzjlTUﬃ|x`
xN,(0) =
(
−2 + 2 2i− 1
2N
)
1≤i≤N
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`PRU 3eRcRjkfeRUﬁ5#p{ym`jlS5x
N
¦§kfe9xzc`jlTUﬃi
xN
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`bPRU
P
ξ
¦§Shxz_b_aUT_
Pξ(Ci(x
N)), i = 1, . . . , N
»Cpzojl`b_ ¡pzibp{cRpzjF}TUTl_ 3
i.e.
`PmU|Rjl_a`bibjmem`jlp{cp
ξ̂x
N »
ξ∼N (0; 1) 5'»

`bPRU#jcm|ReR}TUﬃ|(kfe9xz|Ribx`jl}kfe9xzc`bjIxr`jpzcUTiaibp{i ‖ξ− ξ̂xN‖2
3eR_bjlcR 30m  1IŁ95»{jlzUTc`bP9x`
Var(ξ) = 1
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Y`PmUTiWk3eRxzc`jl`bjUﬃ_Wp#jc`bUTibUﬃ_a`jl´zU(`PmU
L1
¦§kfe9xcf`bjTx`jlp{c UTibiap{i}Ixzc³=Uh}ﬃp{Shymem`Uﬃ|³iap{S `PmUT_bU
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N
¦Ìk3eRxzc`jﬃUTia_&pzº`bPRUS(eml`j ¦
xziaj¤x`bU
d
¦§|RjlShUﬃcR_bjlp{c9xz N (0; Id) }Ixzc³;U|Rp®*cRlpxz|RUﬃ|¯xr`¥`PRU_xzSUXYwd© p{i d = 1, . . . , 10 xcR|
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H
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X̂x
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X
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F : H → R xzcR|
U{Uﬃia^
x = (x1, . . . , xN )∈ HN
»
E F (X̂x) =
∑
1≤i≤N
P
X
(Ci(x)) F (xi).
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x
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(Ci(x)))1≤i≤N
p9`PRUk3eRxzc`jTx`jlp{c
X̂x
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|E F (X)− E F (X̂x)| ≤ [F ]
Lip
‖X − X̂x‖2
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ﬂ    (xN)N≥1 #%
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‖X − X̂xN‖2 = 0
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N∑
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P
X
(Ci(x
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i.e. |F (x) − F (y)| ≤ [F ]
Liploc
|x − y| (θ(x) + θ(y)) 
 %
F (X)∈ L1(P) #
|E F (X)− E F (X̂x)| ≤ 2[F ]
Liploc
‖X − X̂x‖2‖θ(X)‖2.
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DF

α∈ (0, 1]    %
|E F (X)− E F (X̂x)| ≤ [DF ]α‖X − X̂x‖1+α2 .
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[DF ]1 = [DF ]Lip
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∞
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θ(X)∈ L4(P)   %
|E F (X)− E F (X̂x)| ≤ 3[DF ]
Liploc
‖X − X̂x‖2
4
‖θ(X)‖4.
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%ﬂ

ﬂ
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F : H → R
E F (X̂x) ≤ E F (X). 30R 1 
95
OPRUWyRiapMpz_p$`bPRUT_aUkfe9xz|mix`beRibU¥p{iaS(eRFE xziaUy;p{_`y=p{cRUﬃ|.`bphxcxcRcRUª; 
	5¿
 Rº
OPRU*UTibiap{io=p{eRcR| 30m  15$jc{pzl{Uﬃ_ ‖X−X̂x‖4
xz;pzem`o®*PRj}~PzUTia^ljl`a`U¢j_ﬂ´3cmp®*c®*PRUTc
x
jl_&xzc pzym`jlS5xz 3p{iY_ajSyRl^_`~x`bjp{c9xia^05*kfe9x|Rix`bj}k3eRxzc`jﬃUTi&p
X
±*jl`_7ix`bU(pzo}ﬃp{c{Uﬃib{UﬃcR}TUhxz_
N
zpMUﬃ_`bp jc 9cmjl`§^ ´fcRp®*c j_cRpz`UﬃeR}ﬃj|9x`bUT|¬xzcR|¬cfeRSUTibjl}Ixz}Tp{SyRem`x`jlp{cNcRUTUﬃ|R_h_ap{SUﬁUª3`ibx
}ﬃp{SyRem`~xr`jpzcR_T  ]3p°p{cRUpz `bUTc­eR_aUT_x lUT_b_UTUﬃxzc`>30xzcR|­yRiap{9xzRµ^³UT_a__bP9xiby65=p{eRcm|¼±5x_b_bemShU
`bP9x`
DF
j_j_lpM}Txzµ^ ©	jlyR_b}~Pmjl`®*jµ`P¬x`Sp{_a`
θ
¦§{iap®`P¼»
θ
}Tp{czUª;»
θ(X) ∈ Lp(P) pziUﬃ{Uﬃia^
p ≥ 1 »m`PRUﬃc¼»Rp{iU{UTi^ ε∈ (0, 1] »
|E F (X)− E F (X̂x)| ≤ [DF ]
Liploc
‖X − X̂x‖2−ε
2
‖X − X̂x‖ε
4
(1 + 3‖θ(X)‖ 1
ε
).
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 	
	
ﬀﬁ
ﬂﬃﬂ !"$#%ﬂ !&!&%(' 1
    , ! ¿ z • OPRU&`§^3yRjl}Ixz=ibUﬃ{eRxzi¢emcR}ﬃ`bjp{c9x_¢|RU9cmUT|p{c (L2
T
, | . |
L2
T
)
3Shpz_a`jSy;p{i`~xzc`¢UªmxzS¦
ymU&p{i_`p3}~P9xz_a`bj}yRiapM}ﬃUT_b_aUT_ 5dxziaU¥`PRUjc`bUT{ibxzAeRcR}`jlp{c9xzl_
F
|RU9cRUT|^
∀ ξ ∈ L2
T
, F (ξ) =
∫ T
0
f(t, ξ(t)) dt
®*PmUTibU
f : [0, T ] × R → R jl_x ²p{ibUﬃeRcR}`jlp{c ®*jl`bP xr`Shp{_`jlcRUIxi{iap®`bPNjc x emcRjlp{iaShµ^
jlc
t
 v§c y9xzia`bj}ﬃeR¤xziﬃ»
F
jl_©FjlyR_b}~PRjµ`}Tp{c`bjcfeRp{eR_xz_W_bp3p{c xz_
f(t, .)
jl_ 3eRcRjµp{ibSl^·jc
t
5'»ﬂ}ﬃp{c{Uª
jµ
f(t, .)
j_YpziYUﬃzUTi^
t
»¼Uﬃ`b}+	jc·y9xzia`bj}ﬃeR¤xzi
F
j_&|RjﬃAUﬃibUﬃcf`bj¤xzmU®*jl`P xc
α
¦×t{|mUTid|Rj;UTiaUTc`jxzºxz_
_apMpzcxz_
f(t, .)
jl_¢|mj;UTibUﬃc`j¤xRUp{i¡UﬃzUTi^
t∈ [0, T ] ®*jµ`Phxzc α ¦×t{|RUﬃioy9xzi`j¤x9|Rj;UTiaUTc`jxz ∂f
∂x
(t, .)
3eRcRjµp{ibSl^jc
t
5' oOPRUTc
∀ ξ ∈ L2
T
, DF (ξ) =
∫ T
0
∂f
∂x
(t, ξ(t))dt.
• OPRUeRcR}`jlp{c9xz F |RU9cmUT|pziUﬃ{Uﬃia^ ξ∈ L2
T
^
F (ξ) :=
∫ T
0
eσξ(t)+ρtdt (ρ∈ R)
jl_o}Tp{czUª;»mlpM}Txzµ^(©Fjym_b}~PRjµ`#®*jl`bP
θ
¦§ljcRUTxziº{iap®`bP¼»fjc RcRjl`bUTl^|RjﬃAUﬃibUTc`bj¤xzRlUz ﬂuCemia`PmUTibSp{iaUz»eR_ajcR
`bP9x` |eu − ev| ≤ |u− v|(eu + ev) xzcm|·]3}~Pf®xziajcmUTkfe9xzljl`§^{»Mp{cRU|RUﬃibjlzUT_*`P9xr`
[F ]
Liploc
:= σeρ+T
xzcR|
θ(ξ) = |eσξ|
L2
T
.
3R  1ﬁC95
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¯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#"#º) r
\)	)FTW ﬁﬂ
 	
"*)	)F"*)
v§c`Pmj__bUﬃ}ﬃ`bjp{c¼»R®U®*j=pM}ﬃeR_*p{cA30Rj ¦§SUIxz_aeRixRUﬁ5#«WxeR_b_aj¤xzcyRiapM}ﬃUT_b_aUT_
X
3jlUﬃ®UT| x_
L2
T
¦ÌxzemUT|
ibxzcR|RpzS {Uﬃ}ﬃ`pzib_T»xl`Pmp{eR{P ®U³_`jl&}ﬃp{cR_bjl|RUTi.xzc xzR_`ibxz}ﬃ`t7jl=UTi`ﬁ_bU`b`jlcR­p{i.x ®*PRjlUz  u9p{i
}ﬃp{c{UﬃcRjUﬃcR}TUW®U¥®*jl¼xz_a_beRSU¥ibp{S cRp® p{cﬁ`PRx`7xz;ixzcR|mp{S {Uﬃ}ﬃ`bp{ib_
X
xzibU}TUﬃc`UTiaUT|
i.e.
E X = 0
H
.
u$jib_`®UY®*jl9UªMyRxzjc®*P^_bpzShU7_by=UT}Tjﬃ9}Y_aUTkfeRUﬃcR}TUﬃ_dpﬃﬂ(
# 0	%ﬂ '¡®*jµ`P5iaUT_ay;Uﬃ}ﬃ`#`bp(_bp{SU
pzia`Pmp{cRp{iaS5xzFRxz_bjl_
(e`)`≥1
»Axzµ`PRpzeR{P.cRpz`&pzym`jlS5xzJ»RyRiapM|Rem}TUjlc·_ap{ShUW}Ix_bUT_7`PRUp{ym`jlS5xFix`bUpz
Ü	Ü àN9ÞOßTî
1T   !! %(' "(' %('	 ﬂ ! %, '
}ﬃp{c{Uﬃib{UﬃcR}TU 30ReM`*cRpz``PmU¥}Tp{cR_`~xzc`djc`bPRU¥_bPRxzibyixr`U-3¶3  1=5 5   U&®*jlAxzl_bpy=p{jc`pzem`®*P^`PRU^
}TxzcRcRp`7=U¥eR_aUT|·jlc{UTcRUﬃixz;p{icfeRShUﬃibjl}T_T ¡s7_7x_aUT}TpzcR|·_`UTyA»R®U®*jlA_bPmp® `P9x`®*PmUTc
(e`)`≥1
j_
`bPRU(Uﬃj{Uﬃc3Rxz_bjl_Ypzo`bPRU}ﬃpxziaj¤xzcm}TUpzy;Uﬃix`bp{iYpz
X
30_bpr¦§}IxUﬃ| ¨xziaP3emcRUTcM¦§©FpMQ{U¦9xz_bjl_Ypz
X
5»C`PRU
}ﬃp{SyRem`~xr`jpzcﬁpz$`bPRU|Rj_`iajRem`bjp{cm_#pzG`PRUibUﬃ¤x`bUT|kfe9xzc`jlIx`bjp{c
X̂
=UT}TpzShUﬃ_*`bixz}`~xzmUz 
 -   3ﬀ#.%  +-#.&/ﬂ012 3   & ﬂ   2  ﬁ" &% 
s7_b_aeRShU¢`P9xr`$`bPRUtdjl;Uﬃia`G_by9x}TU
(H, ( . | . )
H
)
j_G_bUﬃy9xzixRU 30PRUﬃcR}TUjl`$P9xz_$x7}ﬃp{eRc`~xzmU¢p{ia`bPRp{cRp{iaS5x
Rxz_bjl_(5 #©	U`
X ∈ L2H(Ω,A, P)
xzcR|.U`
(e`)`∈L
=UWxzc·p{i`PRpzcRp{ibShxz¼Rxz_bjl_7pz$`PRUt7jl=UTi`*_by9xz}ﬃU
H
3
L = {1, . . . , d} jl dim H = d » L = N pz`bPRUTi®*j_aU5  &cRUShx^5UªMy9xzcm| X p{c`PRjl_9xz_bjl_#`P9xr`7jl_
X
H
=
∑
`∈L
(X|e`)H e` P
¦
a.s.
OPmj_*UTkfe9xzljl`§^xz_apPRp{|m_djlc
L2H(P)
  &cRU}Ixzc.cRp{iaS5xzljﬃU7`Pmj_UªMy9xcR_bjlp{c_ap`bP9x`
X
H
=
∑
`∈L
c` ξ
`e` P
¦
a.s.
3JM 195
®*jl`bP
c` := σ((X|e`)H ) =
√
Var((X|e`)H)
xzcm|
ξ` :=
(X|e`)H
c`


{c`>0},
_ap`bP9x``bPRUiT  ; 
ξ`
xzibU¥}ﬃUTc`UﬃibUT| xzcR|cRp{iaS5xzljﬃUT|43®*PmUTc
c` 6= 0 5#xzcR| c = (c`)∈ `2(L)  
ﬁ¿	

Ã

 
?%
N ≥ 1   N .	ﬃ % x∈ HN  '  ! % #JyRibp3|ReR}` N ¦§kfe9xzc`jlTUﬃiY®*jl`bP·ibUﬃ_by=UT}`
`bp`PRUp{i`PRp{zp{c9xz¼Rxz_bjl_
(e`)`∈L
 
x :=
(∑
`∈L
x
(`)
i`
e`
)
1≤i1≤N1,...,1≤i`≤N`,...
 %ﬂ % ﬁ
ﬂ %&%ﬂ 
` ∈ L  x(`) := (x(`)1 , . . . , x(`)N`) ∈ RN`
 ' 
N`
 0%ﬂ  ! 
N =
∏
`≥1 N`

%(% !>! 8 ! %2#!, %0'
 
N` = 1
#
x(`) = 0
ﬁ
ﬂ ﬂ	"%/%
"
`


%:#%
.%('  % (
, 
ﬃ
%
(x
(1)
i1
, . . . , x
(`)
i`
, . . . , 0, 0 . . .)

 
x
8 
xi
 %ﬂ %
i
 ' % ,I  .!#%
(i1, . . . , i`, . . . , 1, 1, . . .) 
 %D %ﬂ %  '-
 ,-8"!  /
% 
   % #ﬂ 
(ﬃ' ﬁ
ﬂ$(
&%%(%  %-ﬂ(% ﬁ%ﬂ %(%-.
> %$8(' '
(e`)`∈L
#J
% #%
.%('/ % ﬃﬂ 
#6%ﬂ 8 
x :=
∏
`∈L
x(`) =
(
(x
(1)
i1
, . . . , x
(`)
i`
, . . .)
)
1≤i`≤N`, `≥1
.
ﬁﬀ$Üﬂß
 	
	
ﬀﬁ
ﬂﬃﬂ !"$#%ﬂ !&!&%(' 1
OPmU ¸ Shxzia{jc9x_¹
x(`)
pzF_aeR}~PﬁxWyRibp3|ReR}`#kfe9xzc`jlTUﬃi¢®*jl9=U7eR_aUT|`bpyRiapM|Rem}TUd_bp{SU7kfe9xcf`bjTx`jlp{cR_
ξ̂` := ξ̂x
(`) pzº`bPRUibxzcR|RpzS zxibj¤xRUﬃ_
ξ`
xzyRy=UIxziajcRjc 3¶M 195' v§c3jU® pz 3JM  1I95»9jµ`7jl_7cRx`eRibxzF`p
_ay;Uﬃ}Tjµ ^x_beRM¦Ì}Txz_b_*pz$yRibp3|ReR}`dk3eRxzc`jﬃUTia_d}TxzlUT|
c
'  % #:ﬃﬂ 
#60	%ﬂ ' 
ﬁ¿	  Ã
 4 ?%
x :=
∏
`∈L x
(`) 8% 7ﬃﬂ 
# N
 %ﬂ #
c = (c`)`∈L
8% °_b}TxzjlcR
&%(.
ﬂ
ﬃﬂ
%
c
'  % #:ﬃﬂ 
#6
N
 %ﬂ
c⊗ x  ' #%98 % # 8 
c⊗ x :=
∏
`∈L
(c` x
(`)) =
(∑
`∈L
c` x
(`)
i`
e`
)
1≤i1≤N1,...,1≤i`≤N`,...
.
ﬂ
% (
, ﬃ
%!' 
 
c⊗ x ﬂ %2 '0!ﬁI!#% % # 8 I % ,I  .!#% i = (i1, . . . , i`, . . . , 1, 1, . . .)∈∏
`≥1{1, . . . , N`} 
OPRUyRibpzy;p{_ajl`bjp{cﬁ=UTlp® |RUT_a}Tiaj=UT_*`PRUW_bjlShyRlU¥{UTpzShU`ibjl}¥_bP9xy;UWpzﬂ`bPRU ¡p{ibp{cmp{jF}TUﬃ_pº_bem}~P
xkfe9xzc`bjTUﬃiT 
+

Ã,oÃ



Ã 
 
?%
x
8%  ﬃﬂ 
#6
N
 0%ﬂ#
c
 '  !" &%( 
ﬂ

%
`x := max{` / N` >
1}∈ N 
(a) ﬂ
%   % 09#ﬂ  # '.
ﬂ 	
 !#(% #$8 
c⊗ x  '
DX
N
(c⊗ x) =
∑
`≥1
c2` D
ξ`
N`
(x(`)) = E|X|2 +
`x∑
`=1
c2`(D
ξ`
N`
(x(`))− 1). 3¶M ÏzŁ95
(b)
 '(' , %  0
c` > 0
ﬁ
ﬂ %&%ﬂ
`∈ L  ﬂ % ﬁ
ﬂﬀ%&%ﬂ  ,I 	.!#% i∈
∏
`∈L
{1, . . . , N`} 
Ci(c⊗ x) =
∏
`∈L
(c`Ci`(x
(`))).
3JM Ï 1=5
+

Ã¼Ã 

²p`P.}T¤xjS_p{lp® ibp{S `PRUp{i`PRp{cmp{ibShxzjµ`§^pz$`bPRU9xz_aj_
(e`)`∈L
 
(a) E min
i
|X − (c⊗ x)i|2 = E
 min
1≤i1≤N1,··· ,1≤i`x≤N`x
∣∣∣∣∣∑
`∈L
c` ξ
`e` −
`x∑
`=1
c` x
(`)
i`
e`
∣∣∣∣∣
2

= E
(
min
1≤i1≤N1,··· ,1≤i`x≤N`x
`x∑
`=1
c2` |ξ` − x(`)i` |2 +
∑
`≥`x+1
c2` (ξ
`)2
)
=
`x∑
`=1
c2` E
(
min
1≤i`x≤N`x
|ξ` − x(`)i` |2
)
+
∑
`≥`x+1
c2` .
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   !! %(' "(' %('	 ﬂ ! %, '
OPmU 9ia_a`hUTkfe9xzljl`§^ p{lp®*_(iap{S `bPRU.0x}ﬃ``P9xr`I»¡p{iUﬃ{Uﬃia^
` > `x
»
x(`) = E(ξ`) = 0
_ap³`bP9x`
Dξ
`
1
(0) = Var(ξ`) =


{c`>0}
 
(b)
¥cmUShxI^Nxz_b_aeRSU.®*jµ`PRp{eM`p{_a_p&{UﬃcRUTibxzjµ`§^ `P9xr`I»¡p{iUﬃ{Uﬃia^
` ∈ L »¢`PRU.}TpzShy=p{cRUﬃcf`b_pz
x(`)
xzibUjcxzc°xz_a}TUﬃcR|Rjcmp{ib|mUTi
i.e. i 7→ x(`)i
jl_7cRpzcR|RUT}ﬃibUTxz_bjlcRR 7©	U`
i := (i1, . . . , i`x, 1, . . .)
xzcR|
j := (j1, . . . , j`x, 1, . . .)
 ¡OPRUﬃc¼»9jl
ζ =
∑
` ζ`e`∈ H
» |ζ − (c⊗ x)i|2 < |ζ − (c⊗ x)j|2 j
`x∑
`=1
c2`
(
x
(`)
i`
− x(`)j`
)(ζ`
c`
− x
(`)
i`
+ x
(`)
j`
2
)
< 0.
OPmUTc¼»9p{iU{UTi^mªMUT|
`
»m_bUﬃ`a`jlcR
j` = i`±1
xzcR|
j`′ = i`′
jµ
`′ 6= ` jSyRjlUT_¢`P9x`
x˜
(`)
i`
<
ζ`
c`
< x˜
(`)
i`+1
i.e.
ζ`
c`
∈ Ci`(x(`)).
&cRU}~PRUﬃ}~´f_7`PRx``PRjl_*}Tp{cR|mjl`jlp{cﬁj__ae0H}TjlUTc`I 
♦
 
Ã

Ã
!ﬀ!R
À


(a) 
 '?ﬃ
'('8 %  
 ﬂ % ﬂ ﬂ "%  % 
ﬂ 

ﬂ ,- 8(' '
(e`)
'
  0 '% 6%(%
(c`)`≥1
 ':
 .!ﬂ(% '!"

2'(',I!"    ' 0' 8%(%4#
%
% 0'
min
HN
DX
N
≤ min
{
m∑
`=1
c2` min
RN`
Dξ
`
N`
+
∑
`≥m+1
c2` , N1×· · ·×Nm ≤ N, N1, . . . , Nm ≥ 2, m ≥ 1
}
.
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(b)
 %
x=
∏
`∈Lx
(`)∈ HN  8%  ﬃﬂ 
#6 N  0	%ﬂ   % c = (c`)∈ `2(L)  !  c` > 0  `∈ L 
?%
ξ̂` := ξ̂x
(`) 8%  %  
ﬂ(

  0	
L
 
ξ`
!#6(% #J8 
x(`)  ﬂ
%
c ⊗ x  0	
L
 
X
 ' "!&% 8 
X̂c⊗x =
∑
`≥1
c`ξ̂
`e` =
∑
i
(c⊗ x)i 
 Ci(c⊗x)(X),
 ! 
Ci(c⊗ x) =
∏
`≥1
{ξ` ∈ Ci`(x(`))}.
3JM  95
+

Ã¼Ã 

(a)
OPRUibUIxibixcR{UTSUTc`7j_dy;pz_b_bjlRUW_bjlcR}TU
c∈ `2(L)  dOPRU(}ﬃ¤xzjlS p{lp®*_diap{Sﬀnoibp{y=p{_ajµ¦
`bjp{c.
(a)
 
(b)
vÌ`p{lp®*_#iap{S 3JM Ï 1=5`PRx`
X∈ Ci(x) j c` ξ`∈ c` Ci`(x(`)), ` ≥ 1
j
ξ`∈ Ci`(x(`)), ` ≥ 1. ♦
	5¿
 R
OPRU}~PRp{j}ﬃU·pzYibUTxzibibxzcR{jlcR³`bPRU·}ﬃpMUH}TjUﬃc`_
c`
jc x |RUﬃ_b}TUﬃcR|RjlcR­p{ib|mUTij_c9x`emixzJ 
Z.p{ibUﬃpzUTiﬃ»Rjl`j_¢UT_`~xzRlj_aPRUT|jlc7;B1 1<K30OPRUﬃp{ibUﬃS M  WxzcR|5`bPRUYiaUTShxzib´f_=UTlp® 5¡`PRx`®*PmUTc
(e`)`∈L
j_
`bPRUW¨xzibPfeRcRUﬃcM¦×©Fp3QﬃzU9x_bj_ 3_bUﬃU(]MUﬃ}ﬃ`bjp{cM Ô;Uﬃp® 5»R`bPRj_}~PRpzj}TUjl_#`PRUp{ym`bjShxz=p{cRUz 
ﬁﬀ$Üﬂß
 	
	
ﬀﬁ
ﬂﬃﬂ !"$#%ﬂ !&!&%(' 1=M
 -ﬃﬂ   3ﬀ#.%  +-#.&/ﬂ012 3  &  &#ﬂ& " )% 
OPmUUT_`jlS5x`bUjc
(a)
jl_dx`7`bPRUpzibjzjcﬁpzº`bPRU(x_a^3ShyM`pz`bj}eRyRy=UTi×¦§=p{eRcR|R_7pzﬂ`bPRUkfe9x|Rix`bj}Wkfe9xzcM¦
`bjTx`jlp{c UTiaibp{iﬁp{i«xzeR_b_aj¤xzc yRiapM}ﬃUT_a_bUT_ 9ib_`Uﬃ_a`xzRjl_bPRUﬃ| jlc ;B1 1<¶   U°®*jl&RiajUm^ ibUT}Txz7`PRU
xyRyRibp{xz}~Pjlcpzib|RUﬃi*`bpUªMyR¤xjc 9ib_`7Pmp® jl`*Shx^yRibp3|ReR}ﬃU`bPRUWibjzPf`dx_a^3ShyM`pz`bj}¥ixr`Upzº|mUT}IxI^pz
`bPRUkfe9x|Rix`bj}k3eRxzc`jTx`jlp{c.UTibiap{i&xcR| _bUﬃ}Tp{cm| ®*Pf^jl`7}IxcRcRpz`Y;UeR_bUﬃ|°jc·_aeR}~P³xh{UﬃcRUTibxzjµ`§^ﬁp{i
cfeRSUTiaj}TxzRyReRiay;pz_bUz ﬂv§cR|RUTUﬃ|¼»3jl
H = L2
T
xzcR|
X
j_¡x&Rj ¦§SUIxz_aeRixzmU
0
¦§}TUﬃc`UTiaUT|5«WxeR_b_aj¤xzcyRiapM}ﬃUT_b_
_aeR}~P`bP9x` ∫ T
0
E X2t dt < +∞,
3¶M Ï 5
`bPRUTc
X
}Txzc(=U_aUTUTc(xz_ºx
L2
T
¦ÌxzleRUT|Wixzcm|Rp{S {Uﬃ}ﬃ`bp{iT ou9eRi`PRUﬃibSp{ibU»
X
;UﬃjcR7x&«xzeR_a_bjxzcymibp3}TUT_a_T»
`bPRU#_aUTkfeRUTcm}TU*pzCixcR|Rp{S xzibjxzRUﬃ_
(ξ`)`≥1
jl_ºx
0
¦§}TUﬃc`UTiaUT|h«xzeR_b_aj¤xzc_bUTkfeRUﬃcR}TU*pzCcmp{ibShxz3ixzcR|mp{S
xziaj¤xzmUT_ﬃ ºv§c.y9xzia`bj}ﬃeR¤xziﬃ»Mp{iU{Uﬃia^
`∈ L `bPRUTiaUWU'ªMj_a`b_ x(`)∈ RN` _beR}~P.`P9x`
Dξ
N`
(x(`)) = min
RN`
Dξ
`
N`
= min
RN`
Dξ
N`
(x(`)), ξ ∼ N (0; 1).
½pzcR_bUﬃk3emUTc`µ^{»C`PRUﬃibUUªMj_`_dxibUTxzF}Tp{cm_a`~xcf`
K > 0
{jlzUTc.^  ¼xz|Rp{iÔ_OPmUTp{iaUTS _bem}~P`PRx`
Dξ
N`
(x(`)) = min
RN`
Dξ
`
N`
≤ K N−2` , ` ∈ L.
3JM Ï{ 5
OPmUTc¼»ºjµ#p{cmUhjl_Wjlc`UTiaUT_`UT|¯jc `bPRUix`bUhpz}Tp{czUTibzUTcR}ﬃUﬁpz
min(L2
T
)N D
X
N
xz_
N → ∞ »ﬂpzcRUhShxI^
iaUTyRxz}TUo`bPRU¡p{ym`jlShjlIx`bjp{cYyRibp{mUTS jc¥`PRU¡iaj{P`	P9xzcm|_bjl|RU¡pz3¶M Ï{ 5¼^¥`PRU2
(ﬃ!,-'% ! 
 	

ﬃﬂ 
8 %, 30_`jl¼x_b_bemShjlcR
(c`)
j_*cRpzcM¦§jlcR}TiaUIxz_ajcR 5'»mc9xShUﬃl^
min
{
m∑
`=1
c2`
N2`
+
∑
`≥m+1
c2` , N1×· · ·×Nm ≤ N, N1, . . . , Nm ≥ 2, m ≥ 1
}
.
3JM   
95
]3Uﬃ`
m
N
:= max
m ≥ 1 _T  `I  N 1m cm
(
m∏
`=1
c`
)− 1
m
≥ 1
 » [u] := max{k ∈ N / k ≤ u} xcR|¼»
`bPRUTcA»
N` :=
N 1mN c`
(m
N∏
k=1
ck
)− 1
m
N
 , ` = 1, . . . , m
N
, N` = 1, ` ≥ mN + 1, N` := 1.
3JM Ï M 5
Ü	Ü àN9ÞOßTî
1ﬁC   !! %(' "(' %('	 ﬂ ! %, '
OPmUWiaUT_aeRl`bjcR_aUTkfeRUTcm}TU
(N`)`≥1
pzGkfe9xzc`jlTUﬃid_ajﬃUT_ 3®*Pmp{_bUWyRibp3|ReR}`*j_xr`*Shp{_`
N
p{i#U{Uﬃia^
N
5
jl_#xz_^3Shym`bpz`jl}Ixzll^p{ym`jlS5xRp{i:3JM   
95 ºvÌ
c` = O(`
−b)
p{cRU&|RUﬃibjµ{UT_`P9x`
m
N
= 2
b
log N + o(log N)
xcR|·`PRx`Y`bPRUxzemUeRcR}`jlp{c·jlcG3¶M Ï 
95{p3UT_d`p
0
x`¥x
O((log N)−
b−1
2 )
¦Ìix`bU 30_aUTU ;B1 1<J» ;1 
<¶» ;1<
pziY|RU`~xzjl_(5' ¥OPRj_&^3jlUT|m_7`PmUxz_a^3Sym`pz`bj}ix`bU(pz¢|RUT}TxI^·p{i ‖X − X̂c⊗xN‖2 xz_ N → ∞ ®*PmUTibU
xN
 'J$ﬃﬂ(
# 0	%ﬂ  
'% !,-ﬂ	"! '
x(`)
ﬂ %
N`
 
(ﬃ	!,-  ! 
N`
"!&% 8 
ﬃ:


r 
OPmj_}ﬃp{SyRU`UT_¢`PRU7yRibp3pzFp	OPRUTp{iaUTS 
(a)
 ºv§c0xz}`I»3jl`Uﬃ{Uﬃcﬁ^MjlUTl|R_¢`bPRU&_ajzPf`bl^Sp{iaUYxz}ﬃ}TeRibx`U
iaUT_aeRl` 3_bUTU ;B1<J»ROPRUTpzibUTS 3  p{i|RU`~xzjl_ 5 o©FUﬃ`
Opq(N) :=
{∏
`≥1
x(`), x(`)
p{ym`bjShxz
N`
¦Ìkfe9xzc`jlTUTi*pzG`PmU N (0; 1) ¦§|Rjl_a`bibjmem`jlp{c , `≥ 1,
∏
`≥1
N` ≤ N
}
.
3JM  @C95
®*PmUTibU`PmUW_aeRR_a}Tibjlym`
pq
SUIxcR_ ﬃﬂ(
#%ﬂ' 
+

Ã,oÃ



Ã 
4
?%
X
8%    9'(' ﬃﬂ 
(%('('

 '(' , %  0
c2n ≤ c∗ n−b

b > 1 ﬃﬂ
%
min
{
‖X−X̂c⊗x‖2, x∈ Opq(N)
}
≤
(
c∗
(
b
2
)b−1(
1
b− 1+4CN (0;1)
))1/2
1
(log N)
b−1
2
3JM  95
 %ﬂ %
CN (0;1) := sup
N≥1
(
N2 min
y∈RN
DN (0;1)
N
(y)
)
.
s }ﬃp{crqaUﬃ}ﬃ`emibU 30_bUﬃU4;1=<!5jl_(`P9x`jlc­0xz}ﬃ`
CN (0;1) = lim
N
(
N2 min
x∈RN
DN (0;1)
N
(x)
)
=
pi
2
√
3
  30OPRU
_aUT}ﬃp{cR| UTkfe9xzljl`§^Np{lp®*_hiap{S  ¼xz|Rp{iÔ_OPmUTp{iaUTS.  5 V7emShUﬃibj}TxzdUªMy;UﬃibjlShUﬃcf`b_5`UﬃcR| `p }ﬃp{c 9iaS
`bPRj_d}TpzcrqaUT}`eRiaUz±`PRUjcRUﬃk3eRxzjµ`§^
maxn≤N(n2 min
x∈Rn
DN (0;1)n (x))≤
pi
2
√
3
jl_7_bx`jl_ 9Uﬃ|°x`YUIx_a`7eRy·`p
N = 10 000
 
½p{cm_bUTkfeRUﬃc`l^z»Rjl=`PmU7ibx`Udpz¼}ﬃp{c{Uﬃib{UﬃcR}TU¥pz
(c`)
xz_
` →∞ jl_´fcRp®*c 3 e.g. jlc5xy;p®UTi_b}IxU5
pzix{jµ{UTcp{i`PRp{cmp{ibShxzR9x_bj_
(e`)
pz
L2
T
»fp{cmU7|RUﬃibjµ{UT_xix`bUdp¼|RUﬃ}IxI^pzA`bPRU7kfe9xcf`bjTx`jlp{cUTibiap{i
minx∈Opq(N) ‖X − X̂c⊗xN‖2
xz_
N →∞ ®*jµ`P¼»9_ap{ShU`jlShUﬃ_T»R_ap{ShUcfeRSUTiaj}Ix¼UT_`jShx`bUT_p{i 9cRjµ`U
N
 
OPfeR_p{i`PmU·ixz}`jlp{c9xzd²iap®*cmj¤xzc Shpz`bjp{c¬p{c`bPRU eRcmjl`hjc`Uﬃiaxz
W α = (W αt )t∈[0,1]
®*jµ`P
tdeRib_`d}Tp{cR_`~xzc`
α
»mp{cRUS5xI^5}Tp{cR_aj|RUﬃi#`PRUWt7x{xzi9xz_aj_|RU9cRUﬃ| xz_#`bPRUibUT_`iaj}ﬃ`bjp{cﬁpzc
[0, 1]
pzG`PRU
emcR}ﬃ`bjp{cR_
e0 :=


, e1 :=


[0,1/2) − 
 [1/2,1], e2k+` := 2k/2e1(2kt− `), ` = 0, . . . , 2k − 1, k∈ N.
ﬁﬀ$Üﬂß
 	
	
ﬀﬁ
ﬂﬃﬂ !"$#%ﬂ !&!&%(' 1
Xd_bjlcR`PRU_bUﬃl¤¦Ì_bjSjxzibjµ`§^yRiap{y;Uﬃia`§^ﬁpzcRU|RUTiajl{Uﬃ_d`bP9x`
c2k+` =
c1
2k(α+1/2)
, ` = 0, . . . , 2k − 1, k ≥ 1.
_ap`bP9x`dxzc.xzymyRibp{ymibj¤xr`U¥}~PRp{jl}TUpz
m
»
N1
»µ T ﬃ T»
Nm
3Jxz_eRcR}`jlp{cR_pz
N
5^3jUﬃ|R_
min
χ∈(L2
T
)N
‖W α − Ŵ αχ‖2 ≤ min
x∈Opq(N)
‖W α − Ŵ αc⊗x‖2 ≤
K ′
α
(log N)α
.
Zxzc^¯pz`bPRUTikfe9xzc`jlIx`bjp{c ix`bUT_}Txzc =U5p{M`~xzjlcRUT|³`P9x`®#xI^ 3
e.g.
p{i_`~x`bjp{c9xia^ yRiapM}ﬃUT_b_aUT_^
}ﬃp{cR_aj|RUﬃibjcm¯`PRU`ibjl{p{cRpzShU`ibjl}9xz_bjl_
(eiu .)u∈R
»p{ihS(eRl`bjµ¦Ìy9xzixShU`UTiyRiapM}ﬃUT_a_bUT_ﬃ»YU`}z»d_bUﬃUG;11<
xcR| ;B1<!5' 
OPRjl_{UﬃcRUTibxzxzyRyRiapxz}~P P9x_(xShxqap{i|RibxI®*9xz}~´ pzicfeRSUTiaj}T_ﬃ±xzµ`PRp{em{P³`bPRU ¡pzibp{cRpzj¢}ﬃUTl_
Ci(c ⊗ x) |Rp°P9xIzU·x _ajSyRUzUTp{SUﬃ`bibj}h_bP9xy;U{jµ{UTcN^NÆokfe9x`bjp{c 3JM  95xzcR|NU{UTc jl (e`)`≥1
xcR| `bPRU·}ﬃpMUHh}ﬃjUﬃcf`b_
(c`)`≥1
xzibU.´fcRp®*c¼»p{cRUyRibp{mUTS ibUTShxzjlcR_p{ihcfeRSUTiaj}Txz*yReRiby=p{_aUT_T±`PRU
# 'ﬂ 8 
pz
X̂c⊗x
»
i.e.
P(X̂c⊗x = (c⊗ xi)) = P
(⋂
`∈L
{
ξ` ∈ Ci`(x(`))
})
, i ∈
∏
`≥1
{1, . . . , N`}, 3JM Ô{Ł95
}TxzcRcRp`ﬂ=U¡}Tp{SyRem`bUT|_ajSyRl^YjcWyRix}ﬃ`jl}TU $OPRU_bUﬃk3emUTcR}ﬃU
(ξ`)`∈L
jl_ﬂ«xzeR_a_bjxzc¼»rUﬃ{Uﬃia^
ξ`
jl_G}ﬃUTc`UﬃibUﬃ|
®*jµ`P xzibjxzcR}TU


{c`>0}
mem`Wjl`_¥|mj_a`bibjlRem`jlp{c°j_}~P9xixz}`UTiajﬃUT|¯^ jµ`_¥}Tpxziaj¤xzcR}ﬃU_a`iaeR}ﬃ`beRibUh{jlzUTc
^
Cov(ξ`, ξ`
′
) =
∫
[0,T ]2
e`(s)e`′(t)E(XsXt) ds dt
c` c`′


{c`,c`′>0}, `, `
′∈ L. 3JM Ô01=5
u9p{i#xzUTcRUﬃibj}Yp{ia`bPRp{cRp{iaS5xA9xz_aj_
(e`)`∈L
»RcRp}ﬃp{_aUT|ﬁp{ibS j_xIxzjl¤xzRlU7p{i_beR}~P.kfe9xzc`jµ`jUﬃ_T»RU{Uﬃc
jµxzc U'ªMyRjl}Tjl`&UªMyRibUﬃ_b_ajp{c³p{i&`PRU}Tpxziaj¤xzcR}ﬃU(eRcR}`jpzc
(s, t) 7→ E(XsXt) j_xIxzjl¤xzRlUz uCpzi&`PRU
_bxzSUdiaUIxz_ap{cﬁxZp{c`U&½#xziblp_ajS(em¤x`bjp{c(Rxz_bUﬃ|p{cÆﬂªMy9xzcm_bjpzc 3¶3  1 5o}TxzcRcRp`=U7jlShymUTSUTc`bUT|x`
xiaUIxz_ap{c9xzRlU}Tp{_`I 
tdp®UﬃzUTiﬃ»;`PmUTibUWj_*x_by=UT}ﬃj9}Wp{i`PRp{cmp{ibShxz¼9x_bj_*pz
L2
T
}Tpz_bUTµ^ﬁibUﬃ¤x`bUT|`p`PRUyRiapM}ﬃUT_a_
X
p{i
®*Pmj}~P`PRjl_yRibp{mUTS }Ixzc.=UWpzUTib}ﬃp{SUz 
 -    3ﬀ#.%  +-#.&  )ﬂﬃ012 3/. ,&! 3 # $ 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√
λ
¦Ì_b}IxUT|yRiapM|Rem}ﬃ`
N
¦§kfe9xcf`bjﬃUTi
√
λ ⊗ xopt ®*PRj}~PNjl_>
(ﬃ!,-Fjc¯`bPRUﬁ_bUﬃcR_bUﬁ`PRx`(jµ`(jcm|ReR}TUﬃ_(`PRUﬁlp®Uﬃ_a`kfe9xz|mix`bj}
kfe9xcf`bjTx`jlp{cﬁUTiaibp{idxzSp{cRxzlA_a}IxzlUT|.yRibp3|ReR}`7kfe9xcf`bjﬃUTib_ﬀ
 2'%ﬀ% ﬁ
N
 
OPRU}ﬃp{Shy=p{cRUﬃc`_
x(`)
pzd`PRUﬁymibp3|ReR}ﬃ`kfe9xcf`bjﬃUTi
x
xibUp{yM`jShxz¢kfe9xzc`jlTUTia_pz*`PRUcRp{iaS5x
|mj_a`bibjlRem`jlp{c N (0; 1)  º]Mpm»{`p}Tp{SyRem`bU √λ⊗xopt »{`bPRU*|Rj_`ibjlRem`bjp{c(p X̂
√
λ⊗xopt xzcR|`PmUjcR|Rem}TUT|
kfe9x|Rix`bj}7k3eRxzc`jTx`jlp{c5Uﬃibiap{i
QX
N
(
√
λ⊗ xopt) »3®U&_ajSyRl^cmUTUT|ﬁ`bp(eR_bU7`PRU ¸ jlRixzi^A¹*_`p{iajcRW`PRU
pzym`jlS5xz
N`
¦Ìkfe9xzc`jlTUTia_
x(∗,N`)
»`PmUTji¢|Rjl_a`iajReM`jpzcR_
(P(ξ∈ Ci(x(∗,N`))))1≤i≤N`
xzcm|h`PmU7kfe9xz|mix`bj}
kfe9xcf`bjTx`jlp{cUﬃibiap{ib_
Q
N (0;1)
N`
(x(∗,N`))
 OPRU}ﬃp{SyRem`~xr`jpzc.pº`PRUWkfe9xz|Ribx`jl}kfe9xcf`bjTx`jlp{cUTibiap{idj_
Rxz_bUﬃ|(p{cp{iaS(eRx 30m 1Ł95¼p{i$|mj_a`bp{ia`bjp{cA Gv§cyRix}ﬃ`jl}TU»
N` ≤ 100 jl_$UﬃcRp{eRzPp{i	zxeRUﬃ_$pz N xz_$PRjzP
x_
106
_ajcR}ﬃU|RUT}ﬃp{Shy=p{_ajl`jlp{cR_jlcfzp{l3jlcRcRpz`dUTcmp{eR{P0xz}ﬃ`bp{ib_®*jl¼}ﬃUIxibl^5;U¥0xzi#iap{S p{yM`jShxzljl`§^
3 `PRjl_PRUﬃeRibjl_a`bj}YiaeRU7j_#Rxz_bUﬃ|ﬁp{c`PRU7`PRUﬃp{ibU`j}TxzCp{ibS(em¤x$3JM Ï M 5o;Uﬃp® p{i`bPRU&p{ym`bjShxz9xzeRUﬃ_pz
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N
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]3`pzibjcm(p{iUﬃzUTia^
N ∈ {1, . . . , Nmax} »

`PmU_bjﬃU
Nrec := Nrec(N)∈ {1, . . . , N} ®*PRj}~PyRiapM|Rem}TUT_º`bPRUp®UT_`kfe9x|Rix`bj}#kfe9xcf`bjTx`jlp{c
Uﬃibiap{iT»

`PmUWpzym`jlS5xz;|RUT}ﬃp{Sy;p{_ajl`bjp{c
Nrec = N
rec
1 × · · · ×N rec` × · · · ×N rec`rec
» 3®*jµ`P
N rec` ≥ 2
5»

`PRUyRiapM|meR}ﬃ`kfe9xzc`jlTUﬃi
xNrec := x
Nrec
opt
3
xNrec =
∏
`≥1 x
(`) » x(`)
pzym`jlS5xz
N rec`
¦Ìkfe9xzc`jlTUTipz
N (0; 1), ` ≥ 1 5;_bp*`P9xr`F`PRU √λ ¦§_b}TxzUﬃ|yRibp3|ReR}` Nrec ¦§kfe9xcf`bjﬃUTi
√
λ⊗xrec _bp{µ{UT_F`bPRUop{ym`bjSjIxr`jpzc
ymibp{RlUTS x`*U{UT
N
 

`PmUW|mj_a`bibjlRem`jlp{cﬁpz
X̂
√
λ⊗xNrec 3eR_bjlcRp{ibS(em¤x 3JM ÏC95 5'»

`PmUW}ﬃp{ibiaUT_ay;p{cm|RjcRkfe9xzc`jlIx`bjp{cﬁUﬃibiap{i 3JxzcR||Rjl_a`bp{ia`bjp{c65¢eR_bjlcR 3¶M ÏzŁ95:3_bUﬃ`a`jlcR
c = λ
5 
O$xzRlU 17;Uﬃp® ymibp3j|RUﬃ_¢`bPRURib_a`¢`PmibUTUdkfe9xzc`jµ`jlUT_op{i¡_bp{SUxzeRUﬃ_p
N
»Mc9xShUﬃl^
N = 1, 10,
100, 1 000, 10 000
xzcR|
11 519
3`bPRUhem¡ibUﬃ}Tp{ia| `~xzRlUz»G`PRUhibUT}ﬃp{ib|­kfe9xcf`bjﬃUTilj_`jlcR}TleR|RjlcR.`bPRU
|mj_a`bibjlRem`jlp{cR_7xzibU(xxzjl¤xzmUx`Y`bPRU_xzSUX7w7©­eRy°`p
11 519
5 uﬂjl{eRiaUT_ 1z»	M»¼_aPRp® `bPRU_b}TxzUﬃ|
ymibp3|ReR}ﬃ`ºk3eRxzc`jﬃUTia_¢p=`bPRU*²iap®*cmj¤xzcSpz`jlp{cpzc
[0, 1]
pzi
N = 10, 48
xcR|(p{iﬂ`bPRU
¸
iaUT}Tpzib|xzeRU{¹
p
N = 100
`PRx`*j_
Nrec = 96
 
Ü	Ü àN9ÞOßTî
r   !! %(' "(' %('	 ﬂ ! %, '
N Nrec  
	 	ﬀﬂﬁﬂﬃ 	
! ! "
	$#
"
#
! !
!
" !
" "
	&%
!
%(' )+*-,
!
"(" .(/ "
	&,(,
/0 !
,+*
0
*1,
! "("(" .(/(/ "
	
!
'('
!
,(%2*1#3*-%4*-,
!
""("(" ..
'
0 "
	
!
/
,
/
,
/
*-'2*
0
*-%4*-,2*5,
!(!
)
!
. !(!
,(%(,
"
	
!
/6!
# ,
/
*
.
*
0
*-%4*-,2*5,
O$xzRlU 1	 ﬂ(
   , 
	
 


, %/ (ﬃ   !ﬂ %((
ﬂ #  & 6%('Kﬁ
ﬂ , %ﬂ  !, ﬃ %, %	
0'
uﬂjlR Ï_bPRp®*_`PRUﬁzixzyRPm_pzY=pz`bP
N 7→ DWNrec(
√
λ ⊗ xNrec)
xzcm|
N 7→ DWN (
√
λ ⊗ xopt) p{i
N ∈ {1, . . . , 1 000}  ﬁuﬂjlR Ïﬁ|RUﬃyRj}`_ log(N) 7→ (DWNrec(
√
λ ⊗ xNrec))−1
®*PRjl}~P UTSyRP9x_bjﬃUT_
log N
=UTPRx3jlp{eRipzG`PRU|Rjl_a`bp{ia`bjp{c¼ ﬂOPRU}ﬃpMUH}TjUﬃc`_*p{m`xzjcRUﬃ|f^ljcRUTxziiaUT{iaUT_a_bjpzc.^3jUﬃ|
1
DWNrec(
√
λ⊗ xNrec)
≈ 4 log N + 2 i.e. DWNrec(
√
λ⊗ xNrec) ≈
0.25
log N + 0.5
, 1 ≤ N ≤ 10 000.
OPmUWlp®Uﬃi7xcR|emyRy;Uﬃi*;p{emcR|R_*yRibp3j|mUT|.f^ 3¶M 1=5#xzcR| 3¶3  z 5ibUT_ay;Uﬃ}ﬃ`bjl{Uﬃl^xibUp{c
[0, 1]
»
1
pi2
22
22−1(2− 1) =
2
pi2
≈ 0.2026 < 7     < 1.2040 ≈ 1
pi2
(1 + 2pi
√
3).
3JM â1=5
OPRjl_Yy=p{jc`b_dpzem`7`bP9x`7p{ym`bjShxz¼_b}Txz¤xi7kfe9xzc`bjTUﬃib_YxzibUWcRUIxibl^zp{9xl^hp{ym`bjShxzAp{i7²iap®*cmj¤xzc
Z.pz`jlp{c 3Jxr`UTxz_a`#®*jµ`PRjlc`PRjl_#ixcR{U&pz	xzleRUT_pzi
N
5' ¢uCpziPRjl{PRUTizxeRUﬃ_#pz
N
p{cRU¥ShxI^5{jµ{U&emy
`bPRUmjcm|·p{ym`bjSjTx`jlp{cﬁyRibp3}TUﬃ|ReRiaUxzcR| iaUTµ^pzc·`PRUxz_a^3Sym`p`j}p{ym`bjShxzF_bjlTUT_7{jlzUTc°^ 3¶M Ï M 5' 
noiap{y;pz_bjl`bjp{c(`bP9x`*j_
&cRUShx^ Uﬃ{Uﬃc¯_ay;UﬃUT|¯emy³`bPRj_xzymyRibpx}~P ^°eR_ajcR`PmUhx_a^3ShyM`pz`bj}(Uﬃ_a`jlS5xr`U
m
N
∼ log(N)
pzi¤xzia{UYxzemUT_*pz
N
30_bjlcR}TU
b = 2
p{i#`PRUW²iap®*cRj¤xzcZp`jpzc65  &cRUShxI^cRpz`bU¥`P9x`djlc0xz}ﬃ`
N` ≈
√
λ`
λ`N
, ` = 1, . . . , m
N
.
v§c·yRixz}`jl}TUz»=`PRUyRibp3|ReR}`
N ′ = N1 × · · · × N`N
}Ixzc =U_aj{cmj9}Txzc`l^lp®Uﬃi7`PRxzc
N
»AUT_ay;Uﬃ}Tjxzµ^
®*PmUTc
N
j_cRpz``bpMp°xzibzUz»¡p®*jcR°`p°`bPRUﬁ`ibemcR}Ix`bjp{c­UAUﬃ}ﬃ`T ]3p x°Sp{ibUﬁUH}TjUﬃc`h}~Pmp{j}ﬃUﬁj_(`p
}ﬃp{cR_aj|RUﬃi`PmUheRymy;Uﬃi`iaeRcR}Tx`jlp{c¯jlcR_a`bUIxz| pz#`PmU5ibUﬃ{eRxzijc`Uﬃ{ixzoxzleRUhjlc 3JM Ï M 5xzl`bPRp{eR{P `Pmj_
`bjSU
N ′
}Txzc­;U T ﬃ b_bjl{cRjﬃ9}Ixzc`bl^³¤xzia{UTi`PRxzc
N
 °u9eRia`bPRUTiaShp{iaUz»$cRpz`U`P9xr`
N ′
jl_  ﬃﬂ 
ﬂ ocRpz`
xhibUT}ﬃp{ib|°jlc`UTzUTi
Nrec
xzcR| `PRx`Y`bPRj_YzUTi^ |RUﬃ}Tp{Sy;pz_bjl`bjp{c}Ixzc°=U(_aeRM¦§pzym`jlS5xzFp{i
N ′
 ¥O$xzRlU
ﬁﬀ$Üﬂß
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ﬂﬃﬂ !"$#%ﬂ !&!&%(' {
=UTlp® {jlzUT_#_ap{ShU7UªmxzSyRUﬃ_pz	_aeR}~Pﬁ|RUﬃ}Tp{Sy;pz_bjl`bjp{cm_}ﬃp{ibiaUT_by=p{cR|mjcR`bpxzemUT_p
N
=Uﬃ^{pzcR|`PRU
_aPRp{i`}TpzShjlcRﬁpz`bPRUp{ym`bjSjIxr`jpzc·yRiapM}ﬃUT|ReRiaU5xr`
Nmax = 11 519
±Y`bPfeR_
N = 13 500
jc O$xzRlU
ymibp3j|RUﬃ_*®p{ia_bUWibUT_aeRl`b_`P9xzc
N = 11 232
jlcOﬂxzmUI1{ 
N
" e9xcf`T ¡Æoibibpzi Å7UT}TpzShy
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U&®*jlAjlem_a`ibx`U7jc`bPRj__aPRp{ia`*yRxzixzzixzyRPﬁPmp® ix`bU¥p{ym`bjShxz;ymibp3|ReR}ﬃ`*kfe9xcf`bjﬃUTib_*pz	`bPRUW²ibp®#¦
cmj¤xzc°Spz`jlp{c°}Ixc³ymibp3|ReR}TU_ap{ShU>3cRp{c ¡p{iap{cRp{jF57ix`bUp{ym`bjShxz$kfe9xcf`bjﬃUTib_pzjl`b_xzc`jl|RUTiajlx`jµ{U 
OPmj_ymibp3}TUT_a_jl_jlcfzp{lzUT|jlch`bPRUY}ﬃp{c`ibpz=xziaj¤x`bU*xziaj¤xzmU*pz¼`bPRUYs7_bj¤xcﬁ½#xzl 3_bUﬃUYy9xzibxz{ibxzyRP M3  1=5' 
uﬂjlib_`7cmpz`U`P9xr`Yp{cmU}Txzc·jlcf`bUT{ibx`UWx¨xzibPfeRcRUﬃcM¦×©Fp3QﬃzUUªMy9xcR_bjlp{c pz$`PRU²ibp®*cRjxzc·Spz`bjp{c¼ 
v§c0xz}`I»
h 7→ ∫ .
0
h(s)ds
;UﬃjcRx©FjyR_a}~PRjl`b}Tp{c`bjcfeRp{eR_oeRcm}ﬃ`jlp{c(ibpzS
L2
T
jlc`p
(C([0, T ]), ‖ . ‖sup) »
pzcRUP9xz_T»9jlc
L2(C([0,T ]),‖.‖sup)(P)
3Jxzcm|
P
¦
a.s.
jlc
L2
T
5'±
∫ t
0
Wsds
L2
T=
∑
`≥1
λ` ξ
`
√
2
T
(
1− cos
(
t√
λ`
))
®*jµ`P
λ` :=
(
T
pi(`− 1/2)
)2
, ` ≥ 1, 3JM âf 5
= 2
√
2
T
∑
`≥1
λ` ξ
` sin2
(
t
2
√
λ`
)
3JM Ô{95
®*PmUTibU±

(ξ`)`≥1
j_Fj¶ âj¶ â|¼ µ»cRp{ibShxzll^d|Rj_`iajRem`bUT| 3Jxzcm|}ﬃp{ShUﬃ_Fibp{S@`PRU¨xzibPfeRcRUﬃcM¦×©Fp3QﬃzUU'ªM`bUTcR_ajp{c
p
W
5»

`PmUW_aUTkfeRUﬃcR}TU
(
t 7→
√
2
T
(
1− cos
(
t√
λ`
)))
`≥1
jl_:
¼p{ia`bPRp{cRpzibShxzAjlc
L2
T
 
v§cﬁ0xz}`I»M`bPRU&U'ªmyRxzcR_bjlp{cA3¶M âf 52(
&%ﬂ	"%('
P
 

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L1(P)
  ﬁ
ﬂ,IﬁI!
t∈ [0, T ] =_ajcR}ﬃU
sup
t∈[0,T ]
∣∣∣∣∣∑
`≥1
λ` ξ
` sin2
(
t
2
√
λ`
)∣∣∣∣∣ ≤∑
`≥1
λ`|ξ`|.
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OPmU_aUTiajUT_¥pzc `PRUibjl{P`&P9xcR| pz`bPRUjcmUTkfe9xzljl`§^.jlUT_&jlc
L1(P)
_bjlcR}TU
∑
`≥1 λ` < +∞
xzcR|
ξ` ∼
ξ1∈ L1(P)  oOPRU_xzSUPRp{|m_#p{i#`PRUjlcf`bUT{ibx`Uﬃ|yRibp3|ReR}`7kfe9xcf`bjﬃUTi*UªMy9xzcm_bjpzc¼»R`P9xr`*j_∫˜ .
0
Wsds :=
∫ .
0
Ŵ
√
λ⊗x
s ds = 2
√
2
T
∑
`≥1
λ` ξ̂
` sin2
(
t
2
√
λ`
)
3JM Ôz 5
_ajcR}ﬃUz»C^ﬁ_a`x`jlp{c9xziajl`§^5pzﬂ`bPRUk3eRxzc`jﬃUTi
x(`)
pz
ξ`
»
E|ξ̂`| ≤ E|ξ`| p{iUﬃzUTi^ ` ≥ 1 3cRpz`U¥`bP9x`*`PRU
P
¦
a.s.
}Tp{czUTibzUTcR}ﬃUj_	`ibjµ3j¤xz_ajcR}ﬃU
ξ̂ = 0
p{i
`
xzibzU¢UﬃcRp{eRzP65  ¥cmUP9xz_G`p7;Ux®xziaU`PRx` ˜
∫ .
0
Wsds
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_bjcm}TUdjl`¡j_¡|RU9cRUﬃ|p{ch`bPRU ¡p{ibpzcRp{jR`Uﬃ_b_aUTx`jlp{c
p¥`PRU·²ibp®*cRjxzc Spz`jlp{c¼  uCpzi`bPRj_{UTi^ iaUIxz_ap{c jl`5j_UIxz_^`bp¯}TpzShyReM`U°xzcm|eRia`bPRUTiaShpzibU·jµ`
_bx`jl_ 9Uﬃ_x´fjcR|°pz¢_`~x`bjp{c9xia^.UTkfe9x`bjp{cA±Yp{cRU}~PRUT}~´f_`P9x`
σ( ˜
∫ .
0
Wsds) = σ(Ŵ ) = σ(ξ
`, ` ≥ 1)
_ap`bP9x`T»
h 7→ ∫ .
0
h(s)ds
=UTjlcR}Tp{c`jlcfeRp{eR_dxzcR|.jlcRUIxi#p{c
L2
T
»
E
(∫ .
0
Wsds |
∫˜ .
0
Wsds
)
= E
(∫ .
0
Wsds | Ŵ
)
=
∫˜ .
0
Wsds.
+

Ã,oÃ



Ã 

?%
xN ∈ Opq(N)  N ≥ 1   % ˜
∫ .
0
Wsds
N
:= ˜
∫ .
0
Wsds
√
λ⊗xN

(a) ﬂ
% 09#ﬂ 	 0	
A%ﬂ ﬂ 
ﬂ/ ' "!&% 8 
∥∥∥∥∥∥
∫ .
0
Wsds−
∫˜ .
0
Wsds
N
∥∥∥∥∥∥
2
2
= 3
∑
`≥1
λ2`
(
1− (−1)`−1 4
√
λ`
3T
)
min
RN`
DN (0;1)
N`
.
3JM Ô 5


(
√
λ ⊗ xN )N≥1  ' ﬂ .%$
(ﬃ!,-0ﬁ
ﬂ W  % !  ' ﬂ .% 
(ﬃ	!,- ﬁ
ﬂI! ' #%ﬂ !&	!&%I!L %
'%0'%: 0 ∥∥∥∥∥∥
∫ .
0
Wsds−
˜
∫ .
0
Wsds
N
∥∥∥∥∥∥
2
2
= O((log N)−
3
2 ).
(b) ﬂ
%
L1(P)
., %  ‖ . ‖sup  
A%ﬂ ﬂ(
ﬂ2' '98 %('
E
 sup
t∈[0,T ]
∣∣∣∣∣∣
∫ t
0
Wsds−
∫˜ t
0
Wsds
N
∣∣∣∣∣∣
 ≤ 2√ 2
T
∑
`≥1
λ` min
RN`
√
D
N (0;1)
N`
.
3JM Ô 
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+  Ã¼Ã  
(a)
OGUTSy=p{ixziajµ^h_aUﬃ`
E`(t) = 1− cos
(
t√
λ`
)
 oOPRUﬃc |E`|2
L2
T
= T
(
3
2
− 2(−1)`−1
√
λ`
T
)
xzcR|
∣∣∣∣∣∣
∫ .
0
Wsds−
∫˜ .
0
Wsds
N
∣∣∣∣∣∣
2
L2
T
=
2
T
∑
`,m≥1
λ`λmE(ξ
` − ξ̂`)(ξm − ξ̂m) (E` |Em)L2
T
_ap`bP9x`
∥∥∥∥∥∥
∫ .
0
Wsds−
∫˜ .
0
Wsds
N
∥∥∥∥∥∥
2
2
=
2
T
∑
`≥1
λ2` E(ξ
` − ξ̂`)2|E`|2
L2
T
.
OPmj_p{lp®*_iap{S `PRU0xz}`(`PRx`(`PmUﬁixzcR|mp{S xziaj¤xzRlUT_
ξ` − ξ̂`, ` ≥ 1 »¢xzibUjlcR|RUﬃy;UﬃcR|RUTc`hxzcR|
}ﬃUTc`UﬃibUﬃ|_ajcR}ﬃU
E(ξ`− ξ̂`) = E(E(ξ`|ξ̂`)− ξ̂`) = 0  oOPRU¥ix`bU&pz	|RUﬃ}IxI^5pzp®*_¢ibp{S`PmU¥p{ym`jlS5x
_ajﬃUxp3}Ixr`jpzc5jc`bPRUibjl{P`*P9xzcR|._bjl|RU¥pzºv§cmUTkfe9xzljl`§^ 3JM â 
95®*PRjl}~Pjl__a`~xcR|9xzia|L3_bUTU-;B1 1<F5 
(b)
UIxz_ajl^p{lp®*_#ibp{S
sup
t∈[0,T ]
∣∣∣∣∣∣
∫ t
0
Wsds−
∫˜ t
0
Wsds
N
∣∣∣∣∣∣ = 2
√
2
T
sup
t∈[0,T ]
∣∣∣∣∣∑
`≥1
λ`(ξ
` − ξ̂`) sin2
(
t
2
√
λ`
)∣∣∣∣∣ ≤ 2
√
2
T
∑
`≥1
λ` |ξ`−ξ̂`|. ♦
	5¿
 RF  • &cRU |RUTiajl{Uﬃ_ _bjlShjl¤xzial^¬ibp{S jµ`UTS (b) `PRx`·`bPRU¯lp®UT_` L1(P) ¦§SUIxzc L∞(dt) ¦
kfe9xcf`bjTx`jlp{cﬁUTiaibp{i*{p3UT_#`bphﬃUTibpx`7x
O
(
(log(N))−1
)
¦§ibx`U 
• ]MpzShU¥ibx`Uﬃ_d}Txzc.;Up{m`xzjcmUT|ﬁp{iPRjl{PRUTijµ`Uﬃix`bUT|jc`Uﬃ{ix_/30xzcR|`PRUW²iap®*cmj¤xzcRiaj|R{U&`bpMp95 
  
" 
  °"#$ 
log
	R"hFº°
WT¥	ﬃ

OPmU#xzjlS pzR`Pmj_Gy9xzix{ixzymPj_	`p7yRibpzy;p{_aUxYwdp{S;Uﬃibdj´UU'ª3`ixy;p{x`jlp{cShU`PRp3|`bpY_ay;UﬃUT|eRyW`PRU
}ﬃp{c{Uﬃib{UﬃcR}TU(p$`bPRUkfe9xcf`bjTx`jlp{cShU`PRp3|¼ 

P9x`*p{lp®*_j_*y9xzi`j¤xl^PRUﬃeRibjl_a`bj}jcﬁ`PRx`djl`*ibUﬃjlUT_
pzcﬁ_bp{SU¥}TxzjS_pzcemcR}ﬃ`bjp{c9xAkfe9xzc`jlIx`bjp{ch®*PRj}~P.xziaU¥_a`jl=}Tp{cqaUT}ﬃ`beRibUﬃ_T ¢u9p{i`bPRUT_aUWiaUIxz_ap{cR_ﬃ»R®U
®*jl=pM}ﬃeR_*p{cﬁ`PRUW²iap®*cmj¤xzc.Shp`jpzcﬁxzcR|®*jlAcRpz`*lpMpz´hp{ip{yM`jShxz;xz_b_aeRSym`jlp{cR_T 
©FUﬃ`
Ψ : (L2
T
, | . |
L2
T
) → R =Ux.`PRiaUTUh`bjSUT_W|Rj;UTiaUTc`jxzRlUeRcm}ﬃ`jlp{c9xz¡_aeR}~P `P9xr` D2Ψ xzcR|
D3Ψ
xzibU;p{emcR|RUT|A &©FUﬃ`
(χN)N≥1
|RUﬃcRpz`U(x5_bUﬃk3emUTcR}ﬃUpz¡_a`x`jlp{c9xzi^ix`bUp{ym`bjShxzFkfe9xzc`jlTUﬃib_&pz
`bPRU²iap®*cRj¤xzc°Spz`bjp{c
W
3
e.g. χN =
√
λ ⊗ xNopt
jc`PRU
K
¦
L
Rxz_bjl_(5Yxzcm|°Uﬃ`
Ŵ N
|RUﬃcRpz`U`PRUﬃji
iaUTx`Uﬃ|.kfe9xcf`bjTx`jlp{cR_T 
Ü	Ü àN9ÞOßTî
@C   !! %(' "(' %('	 ﬂ ! %, '
vÌ`#pzp®*_¢ibp{S`PRUYOﬂxI^3p{ip{ibS(em¤xxcR|noibp{y=p{_bjµ`jlp{c5>3_a`~xr`jpzc9xzibjµ`§^yRibpzy;Uﬃia`§^p
Ŵ N
5¢`bP9x`
pzcRU}IxzcUIx_bjµ^9cm|
ζ ∈ L2
T
_aeR}~P`bP9x`
E(Ψ(W )) = E(Ψ(Ŵ N)) +
1
2
E(D2Ψ(Ŵ N).(W − Ŵ N)⊗2) + 1
6
E(D3Ψ(ζ).(W − Ŵ N)⊗3)
_ajcR}ﬃU
E(DΨ(Ŵ N).(W − Ŵ N)) = E(DΨ(Ŵ N).(W − E(W | Ŵ N))) = 0   OPRUﬃc¼» D2Ψ ;UﬃjcR
=p{eRcm|RUT|xzcR|
χN
¦Ìix`bU¥p{ym`jlS5x¶»
E(D2Ψ(Ŵ N).(W − Ŵ N)⊗2) = O ((log N)−1) ,
mem`dibUT}ﬃUTc`ﬀ3 9cRjµ`U¥|RjlShUﬃcR_bjlp{c9xzF5¢iaUT_beml`_ 3_bUTU-;B1<J»9OPRUTp{iaUTS 
 5_aeR{{Uﬃ_a`*`PRx`I»RSp{iaU¥yRibUﬃ}Tj_aUTµ^{»
E(D2Ψ(Ŵ N).(W − Ŵ N)⊗2) = 2 κ(log N)−1 + o((log N)−1) xz_ N →∞
®*PmUTibU
κ>0
jl_ibUIxF}Tp{cR_`~xzc`T Z.p{ibUﬃpzUTiﬃ»=_`jlAiaUTµ^MjlcRp{c4;1 < 3Jnoibp{y=p{_ajl`jlp{c71=5'»9p{cRU¥_aPRp®*_7`PRx`
E|W − Ŵ N |3
L2
T
= O((logN)−
3
2
+η), ∀ η > 0.
OPmUTc¼»=xwdp{S;Uﬃibjl´zU¥_by=UTUﬃ|RjcmheRy.yRiapM}ﬃUT|ReRiaU}Txzc.;UWjSyRUﬃShUﬃc`UT|x_*pzp®*_ﬃ±op{cRU}Tp{SyRem`bUT_
E(Ψ(Ŵ M))
xcR|
E(Ψ(Ŵ N))
»
M < N
»
M  N r » r∈ (0, 1)  ¡]Mp{µ3jcR(`bPRUjcmUIxzi#_^3_a`UﬃS
E(Ψ(W )) = E(Ψ(Ŵ M))+
κ
log M
+O((log M)−
3
2
+η), E(Ψ(W )) = E(Ψ(Ŵ N))+
κ
log N
+O((log N)−
3
2
+η)
^3jlUT|m_#`PRUWxzcRcmp{eRcR}ﬃUT|
log
¦ÌUª3`ibxzy=p{¤x`bjp{chp{ibS(em¤x
E(Ψ(W )) =
log N×E(Ψ(Ŵ N))− log M×E(Ψ(Ŵ M))
log N − log M + O
(
(log N)−
3
2
+η
)
, ∀ η > 0. 3 
m â M 5
]3p®UWy9xz_b_aUT|.ibp{S x
O((log N)−1)
¦Ìix`bU&`pxzcA3Jxr`7lUIxz_` 5
O
(
(log N)−
3
2
+η
)
¦§ibx`U 
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&cRU}ﬃp{cR_bjl|RUTia_dx²¤xz}~´{¦]3}~PRp{Uﬃ_*|m^3c9xzSj}T_#®*jµ`PShx`eRiajl`§^
T
»
dSt = St (rdt + σ dWt), S0 = s0 > 0 (r > 0).
ﬁﬀ$Üﬂß
 	
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ﬀﬁ
ﬂﬃﬂ !"$#%ﬂ !&!&%(' z
OPmUWymibUTSjemS pzﬂxzc.sY_bjxzcA3JÆoeRiap{y;UTxzc65*½#xzlAp{ym`bjp{cﬁ®*jµ`P_a`bibj´UyRibjl}TU
K
jl_{jlzUTc.^
Cas(s0, K) := e
−rT E
((
1
T
∫ T
0
Stdt−K
)
+
)
= e−rT E
((
s0
1
T
∫ T
0
eσ Wt+(r−σ
2/2)tdt−K
)
+
)
®*PmUTibU
x := max(x, 0)
|mUTcRpz`bUT_ﬁ`PmU°cRp{cRcRUﬃx`bjl{U·y9xzia`pz`PRU°iaUIxz&cfeRS;Uﬃi
x
   U ®#xcf`ﬁ`bp
xyRyRibpIªMjShx`bU
Cas(s0, K)
em_bjcmkfe9x|Rix`bj}&eRcm}ﬃ`jlp{c9xzAk3eRxzc`jTx`jlp{c¼ 
(a)  
  2 .  4	2  	  
  0"2 
 
	ﬁ
 	 6 

". ﬀ
&cRU_bjSyRµ^5}ﬃp{Shymem`Uﬃ_
Ĉas(s0, K, χ
N) := e−rT E
((
s0
1
T
∫ T
0
eσ
cW Nt +(r−σ2/2)tdt−K
)
+
)
®*PmUTibU`PmUhyRiapM}ﬃUT_a_
(Ŵ
N
t )t∈[0,T ]
|mUTcRpz`bUT_`PRUkfe9xzc`jlIx`bjp{c pz`PRUh²iap®*cmj¤xzc³Shp`jpzc
W
^°`PRU
ymibp3|ReR}ﬃ`Wkfe9xzc`bjTUﬃi
χN :=
√
λ ⊗ xNrec
®*PRj}~P³jcm|ReR}TUﬃ_W`bPRUp®UT_a`Wkfe9xzc`bjIxr`jpzc°UTibiap{iWxzSp{cRxzl
30¨xzibPfeRcRUﬃcM¦×©Fp3QﬃzU5yRibp3|ReR}`*k3eRxzc`jﬃUTia_7P9xI3jcmhxr`*Shp{_`
N
¦Ì}Tp{Sy=p{cRUTc`b_T ¡OPRU¥eRcR}`jpzc9xz
ω 7→
(
s0
T
∫ T
0
eσω(t)+(r−σ
2/2)tdt−K
)
+
jl_}Tp{czUª;»;}ﬃp{cR_aUTkfeRUTc`bl^}TpzS(RjcmjcR>3R  1 
95#xzcR|ﬁ`PmUW_`~x`bjp{cRxzibjµ`§^5pz
(Ŵt)t∈[0,T ]
Ĉas(s0, K, χ
N) ≤ Cas(s0, K). 3	M  Ô C95
OPmj_=p{eRcR|}Ixc.=U¥jSyRiapzUT|ﬁ^ﬁ}ﬃp{cR_bjl|RUTiajcR> 
√
λ
'  % #2ﬃﬂ(
# %ﬂ
√
λ⊗ x 
  W 
 ! 
x∈ Opq(N)  oOPRUﬃc¼»9®*jl`bP.pzf3jlp{eR_*cRpz`x`jlp{cR_
sup
x∈Opq(N )̂
Cas(s0, K,
√
λ⊗x) ≤ Cas(s0, K).
u9eRi`PRUﬃibSp{ibU»Rjl`p{lp®*_#iap{S 3R 195#xzcR|A3R  1ﬁC95`P9xr`I»mp{i*xcf^
x∈ Opq(N) »
0 ≤ Cas(s0, K)− Ĉas(s0, K,
√
λ⊗x) ≤ 2 s0σe−rT+(r−σ
2
2
)+T E(| exp (σW )|
L2
T
) ‖W − Ŵ
√
λ⊗x‖2
≤ 2 s0e−(r∧σ
2
2
)T (eσ
2T − 1) 12‖W − Ŵ
√
λ⊗x‖2 .
v§c.y9xzi`jl}TeRxzi
0 ≤ Cas(s0, K)−Ĉas(s0, K, χN) ≤ 2 s0e−(r∧σ
2
2
)T (eσ
2T−1) 12 min
x∈Opq(N)
‖W−Ŵ
√
λ⊗x‖2 = O((log N)−
1
2 )
Ü	Ü àN9ÞOßTî
zŁ   !! %(' "(' %('	 ﬂ ! %, '
x_
N →∞   &cRUWxz_apP9xz_T»9em_bjcm 3R 1=M 5»M`P9x`
|E ŜχN
T
− E S
T
| = o((log N)− 1−ε2 ) xz_ N → +∞ p{iU{Uﬃia^ ε > 0.
(b) -
2  	 
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OPRU
_`~xzcm|9xzib| ¨UﬃShcRxr¦ ¡p{ia_a`}Tp{c`bibp{¡xzibjx`UxzibjxzRUp{iWsY_aj¤xzc pzym`jlp{cR_Wj_ ¸ _bem{{UT_`Uﬃ|	¹5^zUﬃcR_bUﬃc
v§cmUTkfe9xzljl`§^
(
s0
1
T
∫ T
0
eσWt+(r−σ
2/2)tdt−K
)
+
≥
(
s0e
1
T
R T
0
(σWt+(r−σ2/2)t)dt −K
)
+
=
(
s0e
(r−σ2
2
) T
2
+ σ
T
R T
0
Wtdt −K
)
+
.
OPmU}Tp{c`jlcR{Uﬃcf`¡}ﬃ¤xzjlS p{c(`PRUiaj{P`oPRxzcR|_bjl|RU#pzC`PmUjcRUﬃk3eRxzjµ`§^jl_º}IxzlUﬃ|x/"%(
, %	ﬂ  2' !
_ajcR}ﬃUjl`Wj_x{UTpzShU`ibjl}ShUTxzc 30_bUﬃU5x_bpA; C<F5 Xd_bjlcR.`bP9x` 1
T
∫ T
0
Wtdt ∼ N (0; T 2/3) »Gp{cRU_aPRp®*_
`bP9x``bPRUW²¤xz}~´{¦×]M}~PRp{lUT_*yRibUﬃShjleRS
Cgeo(s0, K)
p{i#`PRU{Uﬃp{SUﬃ`iaj}&s7_bjxzc½#xz¼jl_{jlzUTc.^
Cgeo(s0, K) = CBS
(
s0 e
−( σ2
12
+ r
2
)T , K, r, σ/
√
3, t
)
®*PmUTibU
CBS(x, y, r, σ, θ)
_`~xzcm|R_p{ih`bPRU eR_ae9xzY²¤xz}~´ ﬁ ]M}~PRp{lUT_5pzibS(eRx pzih`PmU ½#xzdp{ym`bjp{c
®*PmUTibU
x
|RUﬃcRpz`Uﬃ_`bPRU7_ay;p`I»
y
`PmU7_`ibjl´zU»
r
`PmU7jlcf`bUTiaUT_a`ixr`Uz»
σ
`PRUd}Tp{cm_a`~xcf`{p{x`jljµ`§^(xzcm|
θ
`PRU
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s7_ﬂx 9ia_a`$_a`bUTy¼»r®U¡p{lp®¯xcxzymyRibpx}~P®*PRjl}~P®p{ib´f_	p{i	Shp{iaUo{UTcmUTix|m^3c9xzSj}T_	pzM`PRU¡_`p3}~P9xz_a`bj}
zp{¤xr`jljl`§^z ﬂuﬂjlib_`®UWyRibpqaUT}ﬃ`
W 1
p{c`p
W 2
_ap`bP9x`
W 1t = ρW
2
t +
√
1− ρ2 W˜ 1t ,
®*jµ`P
W˜ 1
x_`~xzcR|Rxzib|²ibp®*cRjxzcShp`jpzcﬁjcR|RUﬃy;UﬃcR|RUﬃcf`dpz
W 2
 ¡vÌ`T£p}Ix}TemeR__aPRp®*_d`bP9x`
St = s0 exp
(
−ρ
2
2
v¯t t + ρ
∫ t
0
√
vsdW
2
s
)
exp
(
(r − 1− ρ
2
2
v¯t)t +
√
1− ρ2
∫ t
0
√
vsdW˜
1
s
)
®*jµ`P
v¯t =
1
t
∫ t
0
vsds.
½p{cm_bUTkfeRUﬃc`l^z»CeR_bjlcR`PRUjcm|RUTy=UTcR|mUTcR}ﬃUpz
W˜ 1
xzcm|
W 2
»RpzcRU|RUTiajl{Uﬃ_d`bP9x`
CallHest(S0, K, T, v0, r) = E
(
e−rT E
(
(S
T
−K)+ | FW 2T
))
= E
(
CallBS
(
S
(v)
0 , K, T,
(
(1− ρ2)v¯
T
) 1
2 , r
))
∗[.4em] ®*jl`bP S(v)0 = s0 exp
(
−ρ
2
2
v¯
T
T + ρ
∫ T
0
√
vsdW
2
s
)
®*PmUTibU
CallBS(s0, K, T, σ, r)
|RUﬃcRpz`Uﬃ_#`PRUYibUTzeR¤xzi
(r, σ, T )
¦§²¤xz}~´{¦×]M}~PRp{lUT_Sp3|RUT;yRibUﬃShjleRSeRcR}¦
`bjp{cA ºOPRUTc.`PRU_ay;Uﬃ}TjR}W|M^McRxzShjl}T_pz
(vt)
^3jUTl|R_3  5
∫ t
0
√
vsdW
2
s =
vt − v0 − kat + k
∫ t
0
vsds
ϑ
_ap`bP9x` 9cRxzµ^
CallHest(S0, K, T, v0, r) = E Φc(ρ(vT − v0), v¯T )
3	M   1=5

rÐÐ èzÊÎÏàﬃÍ7ÎÔàﬂrÈ'Í
	 ÊÓÏÓÏÊ	ÖÎÏÖÍJÊÐðIèrËJÐbÖJÖ#Í ÐWÖ0ÍJÊä rÈﬃÖÍ¶ÎÏä&ÎÏàTÍJÐ ﬃË¶ÈÓ
∫ t
0
√
vsdW
2
s
ÈÖdÈ	 ëàrä×ÍJÎÏÊàrÈÓ	Ê	 vt
Ú
v0
È'àÑÈ'àÎÏàTÍJÐ ËÌÈ'Ó	 ëàä§ÍJÎÏÊàÈ'ÓºÊ	 (vs)
é 	oÍÐá~È'Ë¶ÎÏÈàrä×Ð¥èË¶Êä×ÐbÖJÖ
	 ÊÓÏÓÔÊ	Ö7È ÐaàÐËÌÈ'ÓﬂÑÎ{ërÖJÎÔÊﬃàèË¶Êä×ÐaÖ¶Ö dvt =
b(vt)dt+ϑ(vt)dW
2
t
Í Ðà¡ÊﬃàÐ È$ ºÈ'èèrÓ  ºëàrÑÐËMÈèèË¶ÊèË¶Î È~ÍJÐ9Ë¶Ð ﬃëÓ È'Ë¶ÎâÍﬁ ﬂÈÖ¶Ö0ë #èÍ¶ÎÔÊﬃàfÚ$¤ÍÊþ Ö	 ÊË ¢ëÓ È¼Í¶Ê	ÍrÐ	 ëàrä×ÍJÎÏÊà
ϕ(v) :=
√
v/ϑ(v) ÍJÊ ﬃÐ×Í	ÖJërä YÈà&Ð×ðèË¶ÐaÖ¶Ö0ÎÏÊàfé
ﬁﬀ$Üﬂß
 	
	
ﬀﬁ
ﬂﬃﬂ !"$#%ﬂ !&!&%(' 9M
®*jl`bP
Φc(v, v¯) = CallBS
(
s0 exp
(
−ρ
(
ka
ϑ
− (k
ϑ
− ρ
2
)v¯
)
T +
v
ϑ
)
, K, T,
(
(1− ρ2)v¯) 12 , r) .
s7cxzc9xzlp{{p{eR_$p{ibS(em¤xYPRpz|R_ºp{i
PutHest(S0, K, T, v0, r)
^iaUTyRxz}TjlcRI,I  ' ,I # '
CallBS
^
PutBS
jcA3M  Ï 1=5' ¢V7pz`bU`bP9x`®*PRUﬃc
ρ = 0
» 3	M  Ï 1=5p{cRµ^|RUﬃy;UﬃcR|R_7p{cﬁ`PRU
L2
¦Ì}Tp{c`bjcfeRp{eR_*ljcRUTxzi
emcR}ﬃ`bjp{c9x
v¯
T
 
 
   


  ¿
 	    
 m 0Ã  ,  Ã  ¿ Ä	 ¿
s Rib_a`ﬁ®xI^ `p­cfeRSUTiaj}Ixl^¬kfe9xzc`bjTU
(vt)
jl_5`p­p{lp®

x`ﬁUTxz_a`ﬁpzibShxzµ^

`bPRU xzyRymibpxz}~P
|mUﬃ{Uﬃp{y=UT| jc ;1I<`p¬kfe9xzc`jlTU ²ibp®*cRjxzc |mj;eR_bjlp{cR_®*jl`bP ©FjlyR_b}~PRjµ`³}Tp{c`bjcfeRp{eR_.}Tp3U H}ﬃjUTc`b_T 
&cRU}Tp{cm_bj|mUTib_Yxzxzjlc.`bPRU_aUTkfeRUﬃcR}TU
χN :=
√
λ⊗ xNrec
»
N ≥ 1 »;poibUﬃ}Tp{ia| yRibp3|ReR}`&kfe9xzc`bjTUﬃib_7pz
`bPRU_`~xzcm|9xzib|·²ibp®*cRjxzc·Spz`bjp{cA3®*Pmj}~P°xziaUU'ªMyRjl}Tjl`
C∞
eRcR}`jlp{cR_(5' *u9p{i7}ﬃp{c{UﬃcRjUﬃcR}TU»A®UW®*jl
}ﬃp{cR_aj|RUﬃidcmp® `PRU ¸ ibUT}ﬃp{ib|F¹¥_aeRR_aUTkfeRUTcm}TU
i.e.
x_b_bemShU¥`PRx`
N =Nrec
 
s7_b_bemShUp{i*x(®*PRjlU&`P9xr`
(vt)
j_*x{UTcmUTibjl}W²ibp®*cRjxzc|Rj;eR_bjlp{c
dvt = b(vt)dt + ϑ(vt)dW
2
t (ϑ ≥ 0)
]MpzShUokfe9xzc`bjTUﬃib_¼p{i
(vt)
}Ixzc=Uo|RUT_aj{cRUﬃ|¥ibp{S@`PRUo_aUTkfeRUTcm}TU
(χN)
xz_¼pzp®*_ﬃ±Ap{cRUojlc`ibp3|ReR}ﬃUT_
`bPRU©	xzSy;Uﬃia`bjf`bixzcm_ap{iaS p9`PRU#|mj;eR_bjlp{c|RU9cRUﬃ|^
L(v) :=
∫ v
0
dv
ϑ(v)
3Jx_b_bemShUﬃ|(`p&=UiaUIxz ¦ÌxzemUT|
xcR|jlcR}TiaUIxz_ajcR95 ºOPRUﬃc¼»
Ut := L(vt)
_x`bj_ RUT_*j__ap{em`bjp{cﬁp$`bPRU
SDE
dUt = β(Ut)dt + dWt
®*jµ`PxdljcRUTxziG²ibp®*cRjxzcy=UTi`eRia9x`bjp{cW`UTiaS GOPRUﬃc¼»{p{cRU¢|RU9cRUT_ﬃ»x
N
¦§kfe9xcf`bjﬃUTiﬂp
(vt)
^W_bU`b`bjcR
yNi (t) = L
−1(uNi (t))
®*PRUTiaU
uNi (t) = L(v0) +
∫ t
0
β(uNi (t))dt + χ
N
i (t), i = 1, . . . , N.
ÆolUTSUTc`~xzi^³}Tp{SyRem`x`jlp{cR_W_bPRp®`P9xr`
yN = (yNi )1≤i≤N
j__bp{lem`jlp{c³pz#`PmU_a^3_a`bUTS pzjc`bUT{ibxz
Uﬃkfe9x`jlp{cR_
yNi (t) = v0 +
∫ t
0
[b(yNi (s))−
1
2
ϑϑ′(yNi (s))]ds +
∫ t
0
ϑ(yNi (s))dχ
N
i (s), i = 1, . . . , N.
3M  Ï{ 5

PmUTc
b
xzcR|
ϑ
xibUW©FjyR_a}~PRjl`bW}ﬃp{c`jlc3emp{eR_T»Cjµ`*j_*UT_`~xzRlj_aPRUT|.jc4;B1@< 30OPmUTp{iaUTS 1xzcR|`PRUp{lp®#¦
jlcRﬁsYymyRjl}Ix`bjp{c65#`PRx`jl¡`PmU_bUTkfeRUﬃcR}TU
(χN)N≥1
jl_¥ix`bUp{ym`jlS5x$jlc
L2L2
T
(Ω, P)
p{iY`bPRU

jUﬃcRUTi
Ü	Ü àN9ÞOßTî
C   !! %(' "(' %('	 ﬂ ! %, '
SUIx_beRiaUz»R`PmUTc
(yN)N≥1
j_ibx`Up{yM`jShxz=jc
LpL2
T
(Ω, P)
pziUﬃ{Uﬃia^
p∈ [1, 2)  ¢Z.p{ibU¥yRiaUT}ﬃj_bUﬃl^z»9jl`jl_
Uﬃ_a`xzRjl_bPRUﬃ|jc4;1I@<¼`PRx`*`PRU_bUﬃkfeRUTcR}ﬃUpz$cRp{c3¦ ¡p{iap{cRp{j
N
¦§kfe9xcf`bjTx`jlp{cR_
v˜Nt =
∑
1≤i≤N
yNi (t)


Ci(χN )(W
2), N ≥ 1,
_bx`jl_ 9Uﬃ_ ‖ |v−v˜N |
L2
T
‖p = O((log N)−1/2)
»
p∈ [1, 2)    PRUﬃc p = 2 x7_a`bixzjl{P`bp{i®#xib|(x|9xzym`x`jlp{c
pF`PRU&ymibp3pz¼^3jUﬃ|R_x
O((log N)−
1
2
+ε)
¦Ìix`bUYjlc
LpL2
T
(Ω, P)
p{iU{UTi^
ε > 0
 ﬂOPRU&kfe9xzc`jlIx`bjp{c
v˜Nt
jl_cRpz` ¡p{ibp{cmp{jo_bjlcR}TUjl`Wj_|RU9cRUﬃ| p{c `bPRU ¡p{ibp{cmp{jº`Uﬃ_b_bUﬃx`jlp{c pz
W 2
»GRem`jl`_|Rjl_a`bibjmem`jlp{c j_
zjl{Uﬃcf^`bPRU
PW
¦Ì®UTjzPf`b_opz=`PRU*}TUﬃl_
Ci(χ
N)
®*PRj}~PhxziaU´3cmp®*ch^>3¶M Ô C95' ﬂv§cp{eRiocRpzcM¦×©Fjym_b}~PRjµ`
_aUﬃ`a`jcm
(b(v) = −k(v − a) » ϑ(v) = ϑ√v 5'» yN _x`bj_ 9UT_
yNi (t) = v0 + k
∫ t
0
(
a− ϑ
2
4k
− yNi (s)
)
ds + ϑ
∫ t
0
√
yNi (s)dχ
N
i (s), i = 1, . . . , N.
3M  Ïz95
vÌ
a > ϑ2/(4k)
»xzc^­_bp{lem`jlp{c­pzﬀ3M  Ïz95jl_y;pz_bjl`bjlzUxzcR|¼»¢p{cR}ﬃU·xz{xzjcNx°_bjlShymUﬁxz|Rxzym`~xr`jpzc­pz
`bPRU.yRibp3pz&p¥OPRUTpzibUTS 1.jc ;1I@<d_bPRp®*_h`bP9x` ‖ |v − v˜N |
L2
T
‖2 = O((log N)−
1
2
+ε)
  V7eRSUTiaj}Ix
jlShymUTSUTc`x`jlp{cpzº`bPRj_eRcm}ﬃ`jlp{c9xz	kfe9xzc`bjIxr`jpzc.SUﬃ`bPRp3|·_bjlShyml^cmUTUT|m_7`pheR_bUx|mj_b}ﬃibU`jTx`jlp{c
_a}~PRUTSUWpz 3	M  Ïz95lj´zU&`bPRUWÆoeRUﬃiT»R`PmUWSj|my;p{jlc`#p{i#`bPRUWwdeRcm{U¦§¨eM`~x_b}~PRUﬃShUﬃ_T 
tdp®UﬃzUTiﬃ»=jlc3jUﬃ® pzGjc{Uﬃ_a`bjx`bjcR`PRU¥UHh}ﬃjUﬃcR}ﬃ^pz	eRcm}ﬃ`jlp{c9xz;kfe9xzc`jlIx`bjp{c¼»3`PRjl_xzyRymibpxz}~P
_ae ;UTib_7ibp{S SjµªMjcm`§®p´fjcR|m_YpzoUﬃibiap{iT±p{cmU|ReRUW`p`PRU|Rj_a}TibU`jlIx`bjp{c._b}~PRUﬃShUpzº`PmUjc`bUT{ibxz
Uﬃkfe9x`jlp{c°_a^3_`UTS xzcR|°p{cRU|meRU`pemcR}ﬃ`bjp{c9xﬂkfe9xzc`jlIx`bjp{cA W]MpR»A`bpﬁ;U(Sp{iaU(jleR_`ixr`jlzUpo`PRU
cfeRSUTiaj}Txz9y;Uﬃiap{iaS5xcR}TUﬃ_pzAeRcR}ﬃ`bjp{cRxz9kfe9xzc`jlIx`bjp{c¼»®U7®*jl9}TpzcR_bjl|RUTi¡`PRUYt7Uﬃ_a`pzcShp3|RUﬃ9jc`PRU
}Txz_bU
a = ϑ
2
4k
_bjcm}TUz»	x_¥cRpz`jl}TUﬃ|°f^ wdpz{UTia_¥jcD;B1@<J»Fp{cRU(ShxI^ x_b_bemShU(®*jµ`PRp{eM`¥p{_a_¥pz¢{UTcmUTixjl`§^
`bP9x``bPRUyRibp3}TUﬃ_b_
(vt)
j_#`PmUW_akfe9xzibUWpzﬂx_b}Ix¤xzi&ibcm_a`UﬃjcM¦§X7PRlUTcf=UT}~´ﬁyRiapM}ﬃUT_b_
dXt = −k
2
Xtdt +
ϑ
2
dW 2t , X0 =
√
v0.
3	M   r 5
t7xIMjlcRjcSjcR|`bP9x``PmU
N
¦§kfe9xcf`bjﬃUTib_
χN
{jlzUTc^A3¶M Ô9M 5iaUIxz|
χNi (t) =
√
2
T
∑
`≥1
x
(N`)
i`
T
pi(`− 1/2) sin
(
pi(`− 1/2) t
T
)
, i = (i1, . . . , i`, . . .)∈
∏
`≥1
{1, . . . , N`},
®*PmUTibU
x =
∏
`≥1 x
(`)∈ Opq `bPRU_bp{lem`jlp{cR_#pzG`PmUWjlc`UTzixz¼_^3_a`UﬃS 3M  Ï{ 5#xz_a_bp3}Tjx`Uﬃ|`bp X
xi(t) =
√
v0 − k
2
∫ t
0
xi(s) ds +
ϑ
2
χNi (t), i = 1, . . . , N
3M  Ï{ 5
ﬁﬀ$Üﬂß
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	
ﬀﬁ
ﬂﬃﬂ !"$#%ﬂ !&!&%(' {
xibU¥{jµ{UTcp{iU{UTi^
i = (i1, . . . , i`, . . .)∈
∏
`≥1{1, . . . , N`}
^
xNi (t) = e
−kt/2√v0 + ϑ
2
∑
`≥1
x
(`)
i`
c˜` ϕ`(t)
®*jl`P
c˜` :=
T 2
(pi(`− 1/2))2 + (kT/2)2
xcR|
ϕ`(t) :=
√
2
T
(
pi
T
(`− 1/2) sin
(
pi(`− 1/2) t
T
)
+
k
2
(
cos
(
pi(`− 1/2) t
T
)
− e−kt/2
))
.
OPmj_`jlShU»m_a`bjl;p{lp®*jcR$;1=<¶»R®UWP9xI{Up{iUﬃzUTia^
p∈ [1, 2) »
‖X˜N −X‖p ≤ Cp,k,ϑ,T‖Ŵ 2
χN −W 2‖2 = O
(
(log N)−
1
2
)
3	M    
95
®*PmUTibU
X˜N
jl_#`PRUcRpzcM¦ ¡p{iap{cRp{jAk3eRxzc`jTx`jlp{cﬁ|RU9cRUT|^
X˜Nt =
N∑
i=1
xNi (t)


Ci(χN )(W
2) = e−kt/2
√
v0 +
ϑ
2
∑
`≥1
ξ̂x
(`)
` c˜` ϕ`(t), t∈ [0, T ].
&cRU|RUﬃ_bjl{cR_dx>30cRp{c3¦ ¡p{iap{cRp{jF5
N
¦Ìkfe9xzc`jlIx`bjp{cp{i#`bPRUyRibp3}TUﬃ_b_
(vt)
f^_bUﬃ`a`jlcR
v˜Nt = (X˜
N
t )
2 =
∑
i
(xNi (t))
2 

Ci(χN )(W
2).
3	M   M 5
OPmUTc¼»Cp{cRU¥|mUTibjµ{Uﬃ_diap{S 3	M    
95`P9xr`I»mp{iU{Uﬃia^
p∈ [1, 2] »
‖ |v˜N − v|
L2
T
‖p = O
(
(log N)−(
1
2
−ε)
)
p{iUﬃzUTia^
ε > 0.
3	M  ÏC95
u$jc9xzll^z»MjlcﬁyRixz}`jl}TUz»9pzcRU}Tp{SyRem`bUT_
CallHest(S0, K, T, r)
f^
CallHest(s0, K, T, v0, r) = E(Φc(ρ(vT − v0), v¯T ))
3	M  Ïz95
∗[.4em] ≈ E(Φc(ρ(v˜T − v0), v˜T ))
∗[.4em] =
∑
i
Φc
(
ρ
(
(xNi )
2(T )− v0
)
, (xNi )
2(T )
)
P(Ŵ 2 = χNi )
3	M   
zŁ95
®*PmUTibUd`PRUdyRiap{9xzRjljµ`§^(|Rjl_a`iajReM`jpzc
(P(Ŵ 2 = χNi ))i
j_¡{jlzUTchf^ 3JM ÏC95 

PRUTc
ρ 6= 0 »Mcmp_ajSyRU
Uﬃibiap{i=p{eRcm| jl_xIxzjxzRlU(_bjlcR}TU®Uh|Rp·cmpz`W´3cmp®`bPRUix`bUhpzy;pzjc`§®*j_aUhkfe9xzc`bjIxr`jpzc pz
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(0.01%) (0.01%) (0.04%) (0.06%) (0.08%) (0.09%) (0.08%)
log
í
Ü	Ê	¢ÉzÐËﬁÊà

äËJërÑÐ FQ 8.18 7.25 6.36 5.49 4.68 3.93 3.26
µßãﬃã
í
ßßﬃæ'ç
 (0.01%) (0.01%) (0.01%) (0.02%) (0.03%) (0.03%) (0.04%)
log
í
Ü	Ê	¢ÉzÐËﬁÊà FQ FÎÔÍWï
í
ÒhèrÈËJÎÔÍﬁ  8.18 7.26 6.36 5.49 4.68 3.93 3.26
(0.01%) (0.01%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
 ρ = 0.5  K 51 52 53 54 55 56

ÐbÖÍ¶ÊàïAÈ'ÓÏÓ@lÜFÐ 	
 2.68 2.18 1.77 1.42 1.14 0.91

ä×Ë¶ërÑÐGØ¥ÊﬃàTÍJÐïAÈ'Ë¶ÓÏÊ  2× Std10 000  (1.66%) (1.90%) (2.14%) (2.42%) (2.70%) (3.02%)

ä×Ë¶ërÑÐ FQ 2.64 2.14 1.73 1.39 1.11 0.89
N = 9 984 (1.53%) (1.77%) (2.01%) (2.21%) (2.38%) (2.61%)
FQ FÎâÍ Wï
í
ÒèrÈËJÎÔÍﬁ  2.68 2.18 1.77 1.43 1.15 0.93
(0.04%) (0.07%) (0.26%) (0.61%) (1.14%) (1.78%)
log
í
ÜFÊ	ÉÐaËÊà

äËJëÑÐ FQ 2.68 2.18 1.76 1.42 1.14 0.91
µßãﬃã
í
ßßﬃæ'ç
 (0.05%) (0.06%) (0.07%) (0.03%) (0.06%) (0.08)
log
í
Ü	Ê	¢ÉzÐËﬁ#Êà FQ FÎÔÍWï
í
Ò5èÈ'Ë¶ÎâÍﬁ  2.68 2.18 1.77 1.42 1.14 0.91
(0.01%) (0.01%) (0.00%) (0.05%) (0.15%) (0.20%)
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
½p{cm}TUTiacRjcmh`PmUW=UTPRx3jlp{eRi*pzﬂ`bPRUWShU`PRp3|ﬁ®*jl`P.pz`bPRUTi*_bU`_7pzºy9xixzSUﬃ`bUTib_ﬃ»R®UW}Ixc·_xI^ﬁ`bP9x`
`bPRUd_bShxzlUTiﬂ`bPRU7}ﬃp{ibiaUTx`jlp{c
ρ
j_ 3jchxzR_bpzem`bU*xzleRU5'»`PRUdShpzibU*U H}TjlUTc`¢eRcR}ﬃ`bjp{cRxz9kfe9xzc`jlIx`bjp{c
jl_T OPRj_¥jl_¥UTSyRP9xz_ajTUﬃ| f^°uﬂj{emibU M5®*PRUﬃibUxzG`PRUyRxzixzSUﬃ`bUTia_xzibUeRcm}~P9xzcR{Uﬃ| U'ªM}TUTyM`p{i7`PRU
}ﬃp{ibiaUTx`jlp{c
ρ
_bU`x`
0
 ¯OPmU ¸ ibUﬃ}Tp{ia|	¹_b}TxzUﬃ|¬ymibp3|ReR}ﬃ`
9 984
¦Ìk3eRxzc`jﬃUTiyRibp3|ReR}ﬃUT_ibUﬃ_beRµ`_(®*jl`bP
xc³Uﬃibiap{ixzl®xI^3_¥UT_a_&`P9xc
0.5%
3JxcR|
0.5
}ﬃUTc` 5' OPRUwdpzS(;UﬃibﬁU'ªM`bixzy=p{x`jlp{c·jl_¥_a`em}~´ x`&`PmU
`bibeRUyRiaUTSjeRS

®*jµ`PRjlc p{cRU}TUTc`

pzixzº_`iaj´zUyRiaj}TUﬃ_T OPRU}Tp{Sy9xziaj_bpzc ®*jµ`P¯Zp{c`U5½#xziap
_ajS(em¤x`bjp{cR_}Tp{c 9ibS `bPRUibUﬃ_beRµ`_*pzG`PRU}TpzibibUﬃ¤x`bUT|_bU`b`bjcRR 
Y`PmUTi&U'ªmy=UTiajSUTc`_YcRpz`¥iaUTyRiapM|Rem}TUT|°PmUTibU_aPRp® `bP9x`T»¼xz_&U'ªMy;Uﬃ}ﬃ`Uﬃ|¼»¼`PmU(UTiaibp{i&jlcR}TiaUIxz_aUT_ 3 p{i
=pz`bP
FQ
xzcR|·Z ½ 5*xz_`PRU{pz¤x`bjjµ`§^
ϑ
p$`bPRUWzp{¤xr`jljl`§^{iap®*_ﬃ»CRem`7ibUTShxzjlcR_kfeRjl`bUW_bx`jl_a0xz}`p{i^
pzi
N = 10 000
eRc`jl
ϑ = 30 %
3®*PRUﬃc
a = 0.01
5' 
uﬂjlc9xzll^{»;cRpz`bU`bP9x`Wxzµ`PRpzeR{P ®Up3}Tem_bUT|³p{c°`PmU_`p3}~P9xz_`j}zp{¤x`bjljl`§^.t7Uﬃ_a`bp{c Sp3|RUTJ»A®*P9x`
PRxzU=UTUﬃcymibp{y=p{_bUﬃ|_`ibxzj{P`ap{ia®xzib|ml^ﬁxyRyRjlUT_`bp`PRU½Y âv~ Ïw Cjc`UﬃibUT_`dix`bU¥Shp3|RUTJ 
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VdeRSUTibjl}Ixz9jlc`UTzix`bjp{cp{ch`bPRU
L2
T
¦§_ay9xz}TU7^emcR}ﬃ`bjp{c9x=kfe9xcf`bjTx`jlp{chy=UTip{ibS_¡_beRiayRibjl_bjlcR{l^®Uﬃ
pzc `PRU°x;p{U Rib_a`ﬁ`§®pNUªmxzSyRUﬃ_T  vÌ`ﬁyRiapMjl|RUT_ﬁkfeRjµ`U _bx`jl_a0xz}`p{i^¬|RUﬃ`bUTibSjcmj_a`bj}yRibpIªMjUﬃ_5p{i
SUT|mjeRS zxeRUﬃ_dp
N
»=_bxI^
N ≈ 10 000  ¢²em`*p{i*lUT_b_dibUﬃ{eRxzi#eRcR}`jpzc9xz¼jµ`*}Tp{eRl|=Ujc`UﬃibUﬃ_a`jlcR
jl_#`peR_bUcfeRSUTiaj}Ix¼eRcR}ﬃ`bjp{cRxz¼kfe9xzc`jlIx`bjp{cﬁp{i_aS5x;xzleRUT_*pz
N
»=_bxI^
N ≈ 100 »9x_7x}ﬃp{c`ibpz
xziaj¤x`bU ixcR|Rp{S zxibj¤xRU 

U°p{em`ljcRU`PRjl_xzyRyRiapxz}~P cRp® ©FUﬃ`eR_}TpzcR_bjl|RUTiﬁ`PmU°}Ixz_aU³p(x
emcR}ﬃ`bjp{c9x
F (W )
pzY`PRU·²ibp®*cRjxzcSpz`jlp{c
W
30Rem`®*P9x`hp{lp®*_pzibShxzµ^­xzyRymjUﬃ_`p3p xzc^
«xzeR_a_bjxzc yRibp3}TUﬃ_b_®*jµ`P xzc U'ªmymj}ﬃjl`
K
¦
L
UªMy9xzcR_ajp{c5  v§c pzib|RUﬃi`p­}TpzShyReM`U
E(F (W ))
»*p{cmU
®*iajl`bUT_
E(F (W )) = E(F (Ŵ N)) + E
(
F (W )− F (Ŵ N)
)
3Cm  
 1=5
= E(F (Ŵ N))︸ ︷︷ ︸
	

+
1
M
M∑
m=1
F (W (m))− F (Ŵ (m)
N
)︸ ︷︷ ︸
	
+RN,MF (W
(m))− F (Ŵ (m)
N
)
3Cm  
{ 5
®*PmUTibU
(W (m))m=1,...,M
xziaU
M
jlcR|RUTy=UTcm|RUTc`}Tp{yRjlUT_¡pz=`PRU*_`~xzcR|Rxzib|²iap®*cmj¤xzcShp`jpzcxzcR|
RN,M
jl_dxiaUTShxzjcR|mUTi#`UﬃibS |RU9cRUﬃ|·^ 3	Cm  
 5' OGUTiaS
(a)
j_*}TpzShyReM`UT|.^.k3eRxzc`jTx`jlp{c.xzcR|.O$UﬃibS
(b)
jl_}ﬃp{SyRem`Uﬃ| ^ x°Zp{c`U½#xziblp·_ajS(eRx`jlp{c°pz`bPRU
K
¦
L
UªMy9xzcR_ajp{c¯pz#`PmU²iap®*cmj¤xzc Spz`bjp{c¼ 
Ü	Ü àN9ÞOßTî
z   !! %(' "(' %('	 ﬂ ! %, '
OPmUTc¼»
E|RN,M |2L2
T
≤ E|F (W )− F (Ŵ
N)|2
M
xzcR|
√
M RN,M
L−→ N (0; ‖F (W )− F (Ŵ N)‖2)
x_
M → +∞ _ap(`P9xr`jµ F jl__ajSyRl^x©FjyR_a}~PRjl`b7eRcR}`jlp{c9xz 30lj´Ud`bPRU&y9xI^{p ·pzF`bPRUYs7_bjxzcﬁ½#xzl!5
xcR|jµ
Ŵ N , N ≥ 1, j_*xix`bU¥p{ym`bjShxzA_aUTkfeRUTcm}TUpﬂ_a}IxzlUT|.yRibp3|ReR}`*k3eRxzc`jTx`jlp{c¼»m`bPRUTc
‖F (W )− F (Ŵ N)‖2 ≤
[F ]LipCW
(log N)
1
2
xcR| ‖ |RN,M |L2
T
‖2 ≤
[F ]LipCW
(M log N)
1
2
.
OPmU_bjlS(eRx`jlp{cpz
Ŵ N
ibp{S
W =
∑
`≥1
√
λ` ξ
`eW`
xzShpzeRc`_	`pY_ap{l3jlcR7p{iGUﬃzUTi^
` = 1, . . . , m
N
»
`bPRU}ﬃp{_aUT_`¥cRUTjl{Pf;pzeRiYyRiap{RlUTS p{i*`PRU(_ajS(em¤x`bUT|·«Wxzem_b_bjxzc·xziaj¤xzRlU
ξ`
jlc`ph`bPRU
N`
¦§kfe9xcf`bjﬃUTi
_aUﬃ` {x(`)1 , . . . , x(`)N`}
 
  
ﬂ
d%5ﬃ)Fﬃ
WN$"  5)
OGp­jSyRiapzU`bPRU°U H}TjlUTcR}^ pz`bPRU kfe9xz|Ribx`jl} kfe9xzc`jlIx`bjp{cp{cRU ShxI^¬`bPRjcm´¬`bp­jSyRUﬃShUﬃcf`5xzc
jlc 9cRjµ`U|mjSUTcR_ajp{c9x{Uﬃib_ajp{cNpzd`PRU
CLV Q
xzl{p{iajl`PmS `p yRibp3|ReR}ﬃUA30cRp{c3¦§yRiapM|Rem}ﬃ` 5kfe9xcf`bjﬃUTib_
®*jµ`P­xp®Uﬃi(kfe9xzc`jlIx`bjp{c UTiaibp{iﬃ °OPRU
CLV Q
yRiapM}ﬃUT|RemibUjl_`PmU_a`bpM}~P9x_a`jl}{ibxz|RjUﬃc`(|RUﬃ_b}TUﬃc`
|mUTibjµ{Uﬃ|¯jc
d
¦Ì|RjSUTcR_ajp{c iap{S\`bPRUjc`Uﬃ{ixzﬂibUTymibUT_aUTc`~xr`jpzc¯pz¢`PRU|Rjl_a`pzia`jlp{c°{ibxz|RjUﬃc`¥eRcR}ﬃ`bjp{c
3_bUﬃU 3Jm Ô95xzcR| ;B1<xzcR| ;1C<!5' ·vÌ`(jl_em_bUT|­jlc
d
¦Ì|RjSUTcR_ajp{c `p·}Tp{SyRem`bU5{p3pM| kfe9xzc`jlTUTia_®*PRUﬃc
d ≥ 2  _aj{cmj9}Txzc`xzcR|¼»Yxz_ﬁ0xziﬁxz_ CLV Q jl_430_bUﬃU ;1<!5 ®*jlYiaUTShxzjc x`UTxz_a`_ap{ShU°yRxzia`bj¤xz
tdp®U{UTiﬃ»d`bPRU =p{eRcR|m_p{m`xzjcRUﬃ|jlc 3¶M â1=5_bPmp®ﬀ`bP9x`5`bPRU xjc `bp¯=U UªMy=UT}`UT| iap{S _beR}~P@x
_`p3}~P9xz_`j}p{yM`jSjTx`jlp{c5iaUTShxzjcm_#jlShjµ`UT|A 
uﬂjlc9xzll^{»=U`&eR_¥SUTc`bjp{c·`bP9x`&`bPRU¨xzibPfeRcmUTcM¦§©	p3QﬃzUUªMy9xzcm_bjpzc³po`PRU²iap®*cRj¤xzc°Spz`bjp{c
W
jl_Yjlc·0xz}ﬃ`
a.s.
}ﬃp{c{Uﬃib{jlcRﬁjc
(C([0, T ]), ‖ . ‖sup)  ¥OPRjl_Yp{lp®*_diap{S `PRU(¨7p{lShp{zp{ibp}Tiajl`bUTibjlp{c
xcR|`bPRU(©Fgﬃf^¦§vÌ`bp¦×Vdj_ajpOPRUTp{iaUTS 30_aUTU
e.g.
;ÏzŁ=<ﬂyA  1IŁzxzcm| y¼ â01iaUT_ay;Uﬃ}ﬃ`jµ{Uﬃl^05 
A.s.
emcRjlp{iaS
}ﬃp{c{Uﬃib{UﬃcR}TUPRp{l|R_Yp{iY`bPRU]M}~P9xeR|RUTi9x_bj_&xz_&®UﬃJ WvÌ`_aeR{{Uﬃ_a`b_`bpﬁUﬃxzle9x`U`PRUy=UTip{ibShxzcR}ﬃUT_
p_b}TxzUﬃ|­yRibp3|ReR}`(kfe9xzc`jlTUﬃib_p{i`PmU ‖ . ‖sup ¦§cRpzibS 3`bPRUTp{iaUﬃ`bj}Ixl^ Rem`x_bpcfeRShUﬃibjl}Ixzll^05±W`PRU
0xShjll^°pz
P
W
¦
a.s. ‖ . ‖sup ¦Ì}Tp{c`jlcfeRp{eR_emcR}ﬃ`bjp{c9xjl_S(eR}~P­®*jl|RUTi`bP9x`(pzi`PmU ‖ . ‖2
¦§cmp{ibS xzcR|
}ﬃp{c`~xzjlcR_WS5xzc^ eR_ae9xzoeRcR}`jlp{c9xzl_ 3_beRymibUTSeRS»ﬂ²ibp®*cRjxzc³PRjl`a`jcm`bjSUT_ﬃ»$_`p{yRy=UT| eRcR}ﬃ`bjp{cRxz_ﬃ»
U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|F (X)− F (X̂x)| ≤ [F ]Lip|X − X̂x| 	
(b)
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|F (X) − F (X̂x)| ≤ [F ]Liploc|X − X̂x|(θ(X) + θ(X̂x)).
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E|F (X) − F (X̂x)| ≤ [F ]Liploc‖X − X̂x‖2(‖θ(X)‖2 + ‖θ(X̂x)‖2).
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E θ2(X̂x) = E θ2(E(X|X̂x)) ≤ E(E(θ2(X)|X̂x)) = E(θ2(X))
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1
|F (X) − F (X̂x)− (DF (X̂x), X − X̂x)| ≤ sup
z∈(X, bXx)
‖DF (z) −DF (X̂x)‖|X − X̂x|
≤ [DF ]α |X − X̂x|1+α.
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∣∣∣EF (X) − EF (X̂x)− E((DF (X̂x) |X − X̂x))∣∣∣ ≤ [DF ]αE |X−X̂x|1+α.
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(
(DF (X̂x) |X − X̂x)
)
= E
((
DF (X̂x) |E(X − X̂x|X̂x)
))
= E
((
DF (X̂x) | 0H
))
= 0.
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sup
z∈(X, bXx)
‖DF (z)−DF (X̂x)‖ ≤ [DF ]Liploc|X − X̂x|(θ(X̂x) + sup
z∈(X, bXx)
θ(z))
≤ [DF ]Liploc|X − X̂x|(θ(X̂x) + max(θ(X), θ(X̂x)))
≤ [DF ]Liploc|X − X̂x|(2θ(X̂x) + θ(X)).
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√
λ ⊗ x ﬁ
ﬂ N = 10 ! Nrec = 2 × 5 = 10 "  N = 50 ! Nrec =
12× 4 = 48 " # N = 100 ! Nrec = 12× 4× 2 = 96 "ﬀ#
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Ĉcvas
 ! ﬃ
N = 9 984
"ﬀ#
44 46 48 50 52 54 56
-0.02
0
0.02
0.04
0.06
0.08
0.1
Strike prices
Re
fer
en
ce
 pr
ice
- Q
ua
ntiz
ed
 pr
ice
N = 96
N = 966
N = 9984
N = 40500
N = 104400
Romberg[966-9984]
44 46 48 50 52 54 56
-1
0
1
2
3
4
5
Strike prices
Re
lat
ive
 er
ror
 (%
)
N = 96
N = 966
N = 9984
Romberg[966-9984]
N = 40500
N = 104400

 
	 %(' 

 ! ﬃﬂ (% #

ﬃﬂ %  	
  	

!


'
   %$# ﬂ %!&% %ﬂ
 
ﬂ 
ﬂ '
"

T = 1

s0 = 50

a = 0.01

ρ = 0.5

ϑ = 0.1

k = 0.250
# 
	ﬂ  % ﬃﬂ (%('
K∈ {44, 56}
#
N = 96

966

9 984

40 500

104 400
# 
 

%ﬂ	"
log
 
% ﬂ ﬃ

ﬁﬀﬂﬃ ﬃ
 
ﬂ ﬂ"!$#$%
#
−−◦−−  % # ﬃﬂ (% −−+−− & 
 

%ﬂ"
log
 
% 	ﬂ ﬃ
 % # ﬃﬂ (%
#
@ @/.01234
   !! %(' "('
	 %(' ﬂ ! % '
44 46 48 50 52 54 56
-0.04
-0.02
0
0.02
0.04
0.06
0.08
Strike prices
Re
fer
en
ce
 pr
ice
- Q
ua
ntiz
ed
 pr
ice
N = 96
N = 966
N = 9984
N = 40500
N = 104400Romberg[966-9984]
44 46 48 50 52 54 56
-5
-4
-3
-2
-1
0
1
Strike prices
Re
lat
ive
 er
ror
 (%
)
N = 96
N = 966
N = 9984
N = 40500
N = 104400
Romberg[966-9984]
    %(' 
 
 !ﬃﬂ (% #

 	
   	


'% # 
 
 !
 
    ﬂ !

%  	

!


'
  % # ﬂ %	!&% %ﬂﬂ 
ﬂ '
"

T = 1

s0 = 50

a = 0.01

ρ = 0.5

ϑ = 0.1

k = 0.250 #
ﬂ  %
ﬃﬂ (%('
K∈ {44, 56}  N = 96  966  9 984  40 500  104 400 #  
   %ﬂ	" log
 
% ﬂ ﬃ
	
ﬁﬀﬂﬃ ﬃ
 
ﬂ ﬂ"!$#$%
# −−◦−−  % # ﬃﬂ (% −−+−− & 
   %ﬂ	" log
 
% 	ﬂ ﬃ
 % # ﬃﬂ (%
#
44 46 48 50 52 54 56
-5
0
5
10
15
20
x 10-3
Strike prices
Re
fer
en
ce
 pr
ice
- Q
uan
tize
d p
rice
N = 96
N = 966
N = 9984
N = 40500
N = 104400
Romberg[966-9984]
44 46 48 50 52 54 56
-0.2
0
0.2
0.4
0.6
0.8
1
1.2
Strike prices
Re
lat
ive
 er
ror
 (%
)
N = 96
N = 966
N = 9984
N = 40500
N = 104400
Romberg[966-9984]
 *   %(' 
 
 !ﬃﬂ (% #

ﬂ %" ﬂ   
   	

!


'
   %# ﬂ(%!&% %ﬂ ﬂ 
ﬂ('
"
!  ﬃ%  (
ﬂ ﬂ % % #  '%
T = 1

s0 = 50

a = 0.01

ρ = 0

ϑ = 0.1

k = 0.250 #&
ﬂ  % ﬃﬂ(%('
K∈ {44, 56} # N = 96  966  9 984  40 500  104 400 # 
   %ﬂ	" log
 
% ﬂ ﬃ

ﬁﬀﬂﬃ ﬃ
 
ﬂ ﬂ"!$#$%
#
−−◦−−  % # ﬃﬂ (% −−+−− & 
   %ﬂ" log
 
% 	ﬂ ﬃ
 % # ﬃﬂ (%
#
=?>A@!=?B
 	
	
ﬀﬁ
ﬂﬃﬂ !"$#%ﬂ !&!&%('
 

44 46 48 50 52 54 56
0.9
0.92
0.94
0.96
0.98
1
1.02
1.04
1.06
1.08
1.1
Strike prices K
FQ
 vs
 BS
44 46 48 50 52 54 56
0.9
0.92
0.94
0.96
0.98
1
1.02
1.04
1.06
1.08
1.1
Strike prices K
FQ
 vs
 BS
rho = 0
      ' ﬃﬂ !"   %(' 
 
 !  '!"  
  	

!
 ! ﬃ
 
 

%ﬂ	"
log
 
% ﬂ ﬃ
	

"
 
ﬂ(% ﬃ%ﬂ!ﬁ
ﬂ !"  ﬃ   '!"   
 

ﬃ
 %(' ﬁ
ﬂ  
−−∗−−  ! BS ﬃﬂ(% "!  %(' 
 ﬃﬂ (% "  −−◦−−  ! FQ9984  ﬂ (% "!  %(' 
 ﬃﬂ (% "  −−+−− 
! FQ
 
 

%ﬂ"
log
 
% 	ﬂ ﬃ
 % # ﬃﬂ (%
"!
 %(' 
 ﬃﬂ (%
"ﬀ#
@ @/.01234
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopo^le de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rho^ne-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
  	


  
ISSN 0249-6399
